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During the reporting period оur grоuр реrfогmеd investigations. in the folbwing directions:

1. Ап asymptotic theory of опе- апd two-electron сарtчrе in slow ion-molecule collisions
2. А relativistic spherical model of the stark effect in H-like ions
З. The relativistic СоulоrпЬ рrоЬlеm in two spatial dimensions
4. Меаsurеmепt and R-matrix calculation of electron-impact de-excitation of the (3s3p)3pg,1,

stateý in Mg

The following results wеrе obtained.

Task Т1

1. АП Asymptotic Тhеоrу of Опе- and Тwо-Еlесtгоп Сарtчrе in Slorr Ion-molecule
collisions

The method of the asymptotic аррrоасh for the study of inelastic proceýses (one- and two-electron
сарturе) in slow ion-molecule collisions has Ьееп elaborated. Fоr the Grееп's function of the two-
сепtrе СоulоmЬ рrоЬlеm, exact and asymptotically exact representations аrе obtained. Дп analytic
ехрrеssiоп fоr the matrix element fоr the two-electron exchange in the interaction of а highly сhагgеd
ion with а molecule is obtained. The cross sections fоr опе- and two-electron сарturе h stow iъп-
molecule collisions with different final states аrе calculated using the method of strong-coupling
channels and the liпеаг trajectories approximation fоr the colliding particles. Different ways ofiwo-
еlесtrоп trапsfеr (one-step: Az + Bzb* + А r'* *з(ZЬ-2)+ and two-step:

А2 + Bzb+ -+ Аr* 1 B(zb-l)+ - Аr'* 1 g(zb-2)+ ) and their relative contributions to the total cross-section of
the process аrе investigated.

In the theory of atomic collisions and particularly iп the theory of inelastic рrосеssеs in ion - molecule
collisions it is necessary to know а Green's function for the two-centre Coulomb рrоЬlеm:

(1.1)

In оur work, the expansions of the Grееп's function for the two-centre Coulomb potential очег
spheroidal fuпсtiопs are built. We rергеsепt the Grееп's function Gr(i,Ё';R) in the fоrm of ап

expansion оvеr а complete orthonormalised system of oblate апgulаr spheroidal functions sr(p,r?)
[ 1]:

GЕ(r,r';R) =GЕ(€,ц,(р:€',ц',(р'lк) = Ё Ь G,,t(€,€'
l-оrrъ-!.

function G,fl(€ ,е'; Е) safisfies the following differential equation:

;E)Sfu (р,ц)S* (р,ц)Ч'), (1.2)

;Е) =-*uc,R

and the radial раrt of the Grееп's

{*[k2-Ё] 
-[- 

^9ь,)- - с') , (1.з)

where о=;.(- zo1/", O=(Zr*ZzYczo7-/" and iP denote the eigenvalues of the angular

wavefunction, colTesponding to the

radial Green's function Gfl (€, €' ; Е)

oblate spheroidal functioцs S*(p,r?) [1]. The expression fоr the

(see Refs .f4,6]) сап Ье given Ьу
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G*(Е,€' ; Е) = #(#J"оff'(ъ. Еff)(ц, ), z = zl+ zz.

Sn/ (р,ц) = ш;} (р) i ф*upffzou(ry), 6

(1.4)

Г0 d |, - fтL= 2k,

Ll d !,- гL= 2k+|, k- Ol2..,

&*а Щ+а
[&*u Щ+а + Щ*аЦиа - &t*дЕд - В5&*д ],

Неrе r7S)(-rE) апа frff)(ц) arвthetwolinearlyinde,penФntsolutionsof t}rehomogeneous part of Eq.

(1.3), (after реrfоrmiпg the чаriаЬlе substitution ц = dЁ t r)1 ana сап Ье given as the following
infinite sums:

,7ff)(ъ)= iф)ft",,r'n)ф"lц1, f[7)(ъ)= ЁЪ(*)Иd,trЩ}lr11, (1.5)

s=.Ф ý..Ф

whеrе the expansion coefficients Щ) and (t) аrе to Ье dеtегmiпеd.

In mапу phybical рrоЬlеms whose examples аrе considered in [1], the asymptofic Ьеhачiочr of the

Green's function G"(i,r'; R) at small values of the iпtеrпuсlеаr distance needs to Ье kпоwп. Непсе the

necessity to construct the asymptotic expansions of ýrу (р,п), 
'?ff)(ц) -d riff)(ц)fuпсtiопs

очеr а small раrаmеtеr р at fixed quantum пчmЬеrs / and m arises. We чsе ап asymptotic method,
proposed Ьу АЬrаmоч and Slavyanov [3], to sеаrсh fоr such expansions

Iэt us to consider the oblate angular spheroidal function S-(р,q).Тhе expansion for normalised

апgulаr spheroidal functions can Ье written in а fоrm:

rвЕп{(,*е)tД

Неrе fl-(4) аrе the associated Iэgепdrе polynomials, N",(p)is the normalisation factor and Ent[p]

is the integer раrt of the rеаl пumЬеr р . Wo search fоr the sераrаtiоп constant iF) und the expansion

coefficients 4u in the fоrm of asymptotic series очеr the powerý of а small раrаmеtеr f :

i.F)=ЁР5Ь; p2j; &s= l'ЦДИrЪ p2J, ф-1. (1.7)

On the basis of rесчrмrсе rtlations for ttre coefEcients ф* , using t}re sйndard asymptotic technique (see refs.

[3]), we сап obtain апаlуfiс r€prcsentatiolls fоr the expansion coefficient, ffiu Ъ -О Иа ]r;. Sоmе

coefficients are given below:

Иа Ь = (/+6[z+6 +1), [ra Ь =1-(в_наЕа + вu&*а ),

[ф-u ]о =
Ц*а Щ+а ,lЦа ]z =

|.+k-rп

ЦZt +2l +3' Ца+2Б +Ц2

{,+k+rn+1
ц- И+2k+3 '

Ek=
Ц+2k-L' 4*2+6 - о.

ч,
Неrе, we rерrеsепt опlу а few coefficients of the expansion (1.7), but
Zph systems we keep uр to ten coefficients in each expansion. The

in the пumеriсаl calculation for
same аррrоасh was applied fоr

91

п

i

.l

t

г
)

:

:



the calculation of the coefficients ff) and [(t). we have checked the applicability of очr approximato

results with пumеriсаI solutions obtained for ZF4 ýystems in [5, 8]. Some of the results аrе

rерrеsепtеd in tables 1-б. Fоr а mоrе сопчепiепt presentAtion of the resulis, the values of the separation
constants аrе recalculated in the notation ýystem chosen in Ref. [5]. The noгmalisation for the

coefficients Фоа, accepted in [5] is used hеrе. In tables 1-4 we рrеýепt the separation constant fоr

the systems zpQ calculated using оur asymptotic fоrmulае (1.7) in соmраrisоп with the exact
пumеriсаl data frоm Refs. [5, S]. In tables 5 and б we рrеsепt the expansion coefficients for the oblate
аПgulаr spheroidal function, calculated using оur asymptotic expansion fоr theZ1=l2=1 system.

Тhе obtained result is used fоr the aýymptotic fогm of the one-electron three-centre wave fчпсtiоп,
Using this function, exchange matrix elements аrе calculated which согrеsропd to the following
proceýses of опе- and two-electron сарtчrе at slow ion-molecule collisions:

Н2+ С'Ё -+ 2р+ С(rЪ2)+

L H;+c(bU+ 
j n- 3А5. (1.8)

Diзtаrrсс Ьэмесп
prгticlrr

& rч.

6

In Fig.l, we рrеsепt the mаtriх elements
and а Hz molecule, reaction (1.8, п=4).

Hz * ca*l1s2) = 2р +с2* (zsзs,1S1

of the two-electron ехсhапgе interaction between а С4+ ion

Hz * ca*lls21 = 2р * с 2* (2s3p, 3Р)

2

of the two-electron exchange iпtегасtiоп fог the rеасtiоп (1.s ь) as а function of the
paпicles and the angle of orientation of а mоlесцlаr axis with respect to the projectile

. Дпglr of mоlrсчlш ortortrt|gn

о,(! ?п\
\8' в,l

Figurel: The matrix elements
distance between the colliding
velocity чесtоr.

8

ir
т

The сrоss sections аrе found to Ье iп good аgrееmепt with the experimental data. дs in the case of ion-
atom collisions, the following types of two-electron сарturе рrосеýSеs аrе possible: one-step mode

Н2+С+ ->2р+62+, and two-Step mode Н"+Сц -> Н;+се _>2р+с2+. The calculations
show that the two-step mode plays ап important rоlе and significantly influences the total cross section
of the rеасtiоп, as in the case of ion-atom collisions. Ехреrimепtаl investigations of the аьоуе.
mentioned rеасtiопs were реrfогmеd Ьу the group of рrоf. В. kiНani (рб)
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Table 1. Separation constanЪ hY) - р" of the апgчlаг equation fоr the oblate spheroidal function,

l9 = А*хlСГ, fог the |, = m= О and ./ = 1,m= О states. h=T.z=l.

оur calculation Ref. t5] оur calculation Ref. t5]

р лоо п лоо n /о, п ло, п

0.1 -з.33482 -3 -3.34 -3 1.99400 0 1.99400 0

0.5 -8.42666 -2 8.427 -2 1.84957 0 L.84957 0

1 -3.48б05 -1 -3.4860 -1 |,3932L 0 |.з932I 0

t.5 -8.29869 -1 -8.2987 -1 6.1б041 -1 6.1604 -1

2 - 1.5945 1 0 -L59449 0 -5.05240 -1 -5.0524 -1

2,5 -2.73297 0 -2.73476 0 _1.99986 0 - 1.99990 0

3 -4.31034 0 -4.34329 0 -3.89916 0 -3.89940 0

3.5 -6.19528 0 -6.4,7,733 0 -6.2з27 | 0 -6.23325 0

Table 2. Separation constants ,tP - р" ofthe апgulаг equation for the oblate spheroidal functiOn,

L9 = А*хlСГ, for the !, = m= 1 апd |. =),7у1= 1 states. ZpZ2=|.
оur calculation Ref. t5] оur calculation Ref. t5]

р лr, п лr, п Аr" п Аr, n

0.1 1.99800 0 1.99800 0 5.995,7 | 0 5.995,7 L 0

0.5 |.949,7 L 0 L.9497 | 0 5.8926| 0 5.8926I 0

1 1.79530 0 1.7953 1 0 5.567 53 0 5,567 53 0

1.5 I.52542 0 I.52542 0 5.01589 0 5.01589 0

2 1.1 1 854 0 1.1 1 855 0 4.22275 0 4.2227 5 0

2.5 5.38653 -1 5.3890 -1 3.16700 0 3.1 6699 0

з -2.7 L14 -1 -2.6942 -1 I.82165 0 I.82154 0

3.5 - 1 .40178 0 _ 1.38633 0 1.55051 -1 I.5432 *1

Table 3. Separation constanb for the ground Table 4. Separation constants fоr the state

оur саlс. Ref. t8]

R р ,t8J i,8J
0.2 0.290953 0.049553 0.049553
0.4 0.5 54405 0.175242 0.17 5244
0.6 0.794506 0.347491 0.з47 538
0.8 1.01837 0.546972 0.5473,15
l L.23153 0.760295 0.762415
L.2 1.43806 0.976566 0.984442

оur calc. Ref. t8]

R р i.8J ,t8J

0.2 0.150799 2.01311 2.0131 1

0.4 0.306268 2.05382 2.05382
0.6 0.469837 2.|2594 2.L2594
0.8 0.64160 2.2341-7 2.2з4|5
1 0.818029 2.38 169 2,38 156

L.2 0.9942а5 2.56837 2.56895

Table 5. Expansion coefficients for the oblate angular spheroidal function calculated

fоr the ground state (/ = m= О), rfl = Drx 1СГ. Zpl2=|.

оur calc. Ref.[5] оur calc. Ref.[5 оur саlс. Ref.[5]

р Do П*, Do п.( Dz n Dz n D+ п D+ п

0.1 1.0006 0 1.0006 0 |.L|2| -3 |.|LzI -3 1.906б7 -7 1.90бб -7

0.2 I.0022 0 1.0021 0 4.4599 -3 4.4595 -3 з.0593 -6 3.0590 -6

9з



0.3 1.0050 0 1.0079 -2 L.5562 -5
0.4 1.0090 0 1.0090 0 1.8029 -2 1 .8028 -) 4.95 19 -ý 4,95 |7 _5

0.5 |.0|42 0 |.aI42 0 2.8394 -2 2.8з9з -2 L.2|96 -4 |.2|94 -4
0.6 1.0205 0 1.0205 0 4.1281 -2 4.I28з n 2.555 8 -4 2.5 555 -4
0.7 |.0282 0 5.68з7 -2 4;7954 -4
0.8 1.0373 0 1.037з 0 7.52з11 a 7.52з2 1 8.з022 -4 8.29,71 -4
0.9 1.0478 0 9.6662 ,) l.з52з -3
1 1.0599 0 1.0599 0 1 .2138 l 1.21з8 l 2. 1 004 -з 2.097 5 _3

1.1 1.0736 0 1.4965 l з. 1 404 -3
|.2 1.0892 0 1.0892 0 1.8182 1 1.8182 1 4.552з -3 4.5 3 85 -J
1.3 1.1067 0 2.|825 1 6.4з 18 -3
|.4 |.L264 0 l]264 0 2.5940 1 2.5940 1 8.8950 -3 8.84 l 8

a-J
1,5 1.148з 0 1 . l484 0 3.057 1 1 з.0573 l 1.2080 -2 1.1983 ,)

Table б. Expansion coefficients fоr the oblate апgulаг

fоr the first excited state (|, -L, m= О), ф = D,
spheroidal function, calculated

х 1СГ. ZrZz-|.

оur calc. Ref. [5] оur calc. Ref. [5 ] оur calc. Ref. [5]
р Dr n Dr п Dз n Dз п D5 п Ds n
0.1 1.0006 0 1.0006 0 4.0020 -4 4.0020 -4 4.5зlз _8 4.5з7з _8

0.2 1.0024 0 1.0024 0 1.6033 -3 1.6033 -3 7.2,10L -7 ,l 
.2100 -6

0.3 1.0054 0 3.б 165 -3 з.6892 -6
0.4 1.0097 0 1.0097 0 6.4528 -3 6.4526 -3 1. 1 700 -5 1.1б99 _5

0.5 1 .015 1 0 1 .015 1 0 1 .01 28 .)
1.0129 r) 2.8684 _5 2.8684 -5

0.б 1 .0219 0 l .0219 0 1.4668 -2 L.4667 -2 5.9797 _5 5.9792 -5
0.7 1.0299 0 2.009б -2 L .| |41 -4
0.8 1.0393 0 1.039з 0 2.645ll n 2,645]1

r)
1 .9154 -4 1 .9l50 -4

0.9 1 .0501 0 з.з770 г, 3.0934 -4
1 |,а623 0 |.062з 0 4,2099 -2 4,2091 .''

4.1 584 -4 4.,7 55,7 -4
1.1 1.0759 0 5. 148б -) 7 .0315 -4
|.2 l .091 1 0 l .09l 1 0 6.1996 -2 б. 1 998 ., 1.0079 -3 1.0068 a-J
1.3 1.1079 0 7.3693 '', |.4а52 -з
|.4 L.|264 0 1.1264 0 8.6652 ,)

8.бб55 -2 l .915 1 -3 1.91 14 -з
1.5 l. 1466 0 |.|46,7 0 1.0095 1 1.0096 1 2.5596 -3 2.55зз -3

Task Т4

2. Д Relativistic Sрhегiсаl Model of the Stаrk Effect in H-Iike Ions

The рrорепiеs of the епеrgу ýpectrum of hydrogen and оthеr atoms in ехtеrпаl
electromapetic fields hаче bеen thoroughly studied since the late 1920s. Ноwечеr,
гelativistic aspects of йе рrоьlеm were not considered. In оur раргs, we attempt to
pаrtially fill that gap fоr the ехаmрlе of Stark ionisation of atomic ýyýtemý with а high
degree of ionisatioп (highly charged ions). As in such systems relativistic effecs
cause non-negligible соrгесtiопs and essentially define оrdеrs of the sресtгаl
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characteristics, а consistent theory of the stark effect should Ье based оп relativistic

equations.

potential V--еАа?) in the

Dirac equation сап Ье

L'=2j-L, fr= ?lr.

where j and / are the total electron and orbital апgчlаr moments, respectively, rr is
tbe рrфесtiоп ofj onto the iпtеrпuсlеаr axis Oz and the functions F(r) and G(r) satisfy

the equations (пъ =h= с= l):
gЦ=-ýг*(1+е_ 

ИG, Ч= (l-с+ИF+ýG,
drrdrr

N = ТС + /2) for ýtates with;=;t172.

We solve the Dirac equation with а spherically Synmetric

wkB approximation frаmеwоrk. The solution of the

rерrеsепtеd in the fоrm [9]

чr(r) =+[.'ryýЯ]_(il] , l"-jty2,

{=,e"\i ooi ,

п

-8

-6

-5

-5

In оrdеr to obtain the quasiclassical solutions of the system, it is convenient to write

equations (2.2) iп the matrix fоrm:

,| =ior, , =[;), 
"=[,_Ti{.to 

'-r'-,I''')

неrе we use again й iп оrdеr to obtain the wkB approximation and the prime denotes

the derivatin. *ith rеýресt to r. Fоr the solution of the matrix equation (2.4) we look

at the formal expansion in роwеrs of fi:
-4

-3

g(rF 
}оr(r)* и(r) +ttal(r)*... , е(r) = 

fu"r(n)(r) 
,

(2.4)

where the чрреr (lower) соmропепt ,рР tеРl of the чесtоr q(d .o"",ponds to the

radial wave funotion F (G). Ву substituting (2.5) into (2.4) and equating the

coefficient of each роwеr of й to zero, we obtain а rёсursivе set of equations

(о_ ц,h(о) _ 0,

(о_ цrр(r*r) - a(*f + j ь*(к), rL= 0l,
ьо

TaНng the first two equations of system (2.5) using
the left- апd right-vectors technique, we find the tеrms

Цr, Lb and ,(о). Solving the next equations of the

system (2.5) Ьу а similar рrосеdurе, опе can

sequentially find the tеr,ms аь, аъ,..., ,(z) , Q('),,.. in

the expansions (2.4). Ноwечеr, the expressions for
them аrе rаthеr сumьеrsоmе and thеrеfоrе, in

applications опе usually rеstriсts oneself to the first
tJйs only. Actually, the rеаsоп fоr this is the fact that

the expansions in powers of h (2.4) gепеrаllу do not

сопчеrgе but аrе asymptotic sегiеs with а finite

U(r,g)

-4

-3
-3

f+

Fig. 2. The effective potential U(r,с)
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Р.
l

I

l
l
I,
]

l

lfоr the wаче function, if the
rаthег s,mall . So we o\tained

approximation
constant й) is

пumЬеr of tеrms, which gives а good

раrаmеtеr оf ап expansion (the Dirас
(араП frоm а noпnalisation constant)

,=й{(*q+ж)о{,-

(2.7)

If we гергеsепt the quantity q as q= W-а, thеп .Е= (с" -|lZ is the еlесtгоп

binding епеrgу and

U(г,с)= uy -V'12+ N"l2,"

is the effectwe 

::"::й:;:, 
potential

r

U(г,а) is а potential with а Ьаггiеr (see Fig. 2).

The wavefunction ofquasistationary states differs in the different rеgiопs.

I. The rеgiоп го<г<L is classically allowed; thеrе the wave function (2.6)

oscillates.
П. The Ьеlоw-Ьаrгiег rеgiоп 1. < г< li is classically fогЬiddеп. Here, p=iq and the

quantities Q, l-t i }о alg real. As it is known [l0], the wavefunction should
exponentially decrease in this геgiоп,

Ш. In the region 1.1г*, а divergent wаче согrеsропds to the quasistationary state

(emission of а positron). Iп огdеr to obtain the solutions we use the usual method Il0J.
Close to г_ i ц, the system (2.2) reduces to the Sсhrбdiпgеr equation with ап

effective potential which depends linearly оп г-г*,, the solution of which is

expressed through the Airy function, as сап Ье seen when using the mоге elegant
Zwаап method. As we сопsidеr the electric field Л not to Ье strопg, the normalisation
of the wavefunctions сап Ье реrfогmеd Ьу connecting the quasiclassical solutions in
the Ьеlоw-Ьаггiеr геgiоп r_ < r < r+ with the asymptotic expansions of the

uпреrturЬеd опе-сепtrе СоulоmЬ wavefunction

€0 = 

[,-

Although the fогmulае fог the wavefunctions essentially differ frоm the fогmulае in
the поп-геlаtiчistiс quasiclassical case and аге mоrе complicated, thеiг application fоr
сопсrеtе рrоЬlеms does not сrеаtе difficulties, because all quantities in the functions

F(г) and С{г) арреаг quadratically.

Lэt us now consider the рrоЬlеm of quasistationary states. Fоr the determination of
the quasistationary states, the solution of the Dirас equation is usually demanded to Ье

(fu)2 l- u3

. ,1,;11l;;:}ilis"



ц**
гАý
I

а divergent wаче that co''esponds to а рагtiсlе that is emitted fгоm а decayin8 system.The геquirеd absence оf а сопчегgеп' ,olu'bn ,"lects complex епеrgу eigenvalues:_.А€пол=€-t-, 
(2.s)

whеrе е defines the position of the quasistationary lечеl and Г defines its width. ThequantitY Г is positive and сhагаhегisеs the'decay ri"rir"tl"ri"probability ofquasistationary State реr unit time iпtегчаI: W= Nh
Neglecting the penetrability of а Ьаггiег iп the rеgiоп L < r< L we obtain thequantization condition:

7[о-ЩЪ.= -[_ t1
.\ рr ) 

="|"*,| п=0,1,2""

lлt лоw us apply ехргеssiопs (2.1з), (2.14) to the Stагk ionisation of ап atom iп аweak extemal constant electric field F << 1.
Calculating the iпtеgrаl iп (2.13) forthe potential (2.7) we obtain ап equation fоrс:

, =,n *=L 
|- -,"(З"_ n'l- о.]," 2ZaL- -1 ЛЗ '. ] ]

(2.9)Equation (2.9) dеtеrmiпеs the rеаl рагt е of the level епеrgу. It is easy to show thatcondition (2.13) rерrоduсеs the 
"*uit 

.^pr.rrion of the 
"n.r!y 

,р..tйiп the case of
а Coulomb potential V = -Zal r (а=ё =i./1,3iis the fine r'ru.tu." constant).

Let us поw сопsidеr the level width А= -2lmtцlm.Frоm equations (2.2) and the
г > L , we obtain an expression fог Г

97

ulае fоr F and G in the region

А=+{;[,-#),{
obtained fогm

"-9фi;,1]

q |Qr&

,*#lч
',

\рГ
d,*a*.

l

(2.1l)

д= ht sgB( 
,_ u^*oz _z2a2(t- ео)"\]

^о | NIl+ s.Г.J]'

Note.that the репurьаtiоп calculations lead to ехрrеssiоп (2.1l), *n*" ,l'='3]Calculating the iпtеgrаI in (2.10) we оЬLаiп

А= z;"оl.ц{Ц]Т- Г Ф(rJ +2,h,аr( l
[ " ,J 'Ч- . +2,h,а,гссоsЕ_J 

,

Ф(u)= or"cos _ t
(2.13)

(2.14)

l,

L- s2



Task Т4 
i,

3. The Relativistic СошlоmЬ РrоЬIеm iп Two Spatial Dimensions

3.1. Iпtгоduсtiоп

It is kпоwп [9, 11] that in thrее spatial dimensions the expression fоr the еlесtrопiс

ground-state епеrgу in the СочlоmЬ field of а роiпt-сhаrgе !е| becomes рuгеlу
imаgiпаrу for Z>|З'7 and that its inteгpretation as electron епегgу по lопgеr has а

phyiical meaning. In оrdеr to dеtеrmiпе the еlесtrоп-епеrgу sресtгum in the coulomb

ii.lc *itt.1 such icharge we need to eliminate the singulaгity оf the Couiomb potential

of а point-charge at r = О Ьу cutting off the Сочlоmь potential at small distances.

This is equivalent to taking into account the size of the nucleus. In thrее space

dimensions the еlесtгоп-епеrgу spectrum iп the Сочlоmь field regulated at small

distances was first considered in [l2]. With iпсrеаsiпgZiп the region Z>lЗ'1 ,the
еlесtrоп епеrgу levels in such а field wеrе found to dесrеаsе, Ьесоmе negative, and

mау сrоSs the boundary of the lower епеrgу continuum, Е=-m&. The чаluе of

\е|=Z,дrlаt which the lowest еlесtrоп-епеrgу level сrоssеs the boundary of the lower

епеrgу сопtiпuum is called the critical сhагgе fоr the еlесtrоп ground state

t1l,Ъ, |41.|t Z continues to grоw and епtегs the transcгitical region with Z>Z,h ihe

lowest electron епеrgу level "sinks" into the lоwег епеrgу сопtiпuum, which геsults in

а геапапgеmепt of the \r'acuum of the QED. This rеаrrапgеmепt is constrained Ьу

Pauli's exclusion ргiпсiрlе. If the еlесtrоп ground State at Z<Zr. is vacant, two

еlесtrоп-роsitгоп раiгs аrе created; if it is half-occupied, опе раir is сrеаtеd and if it is

occupied, по pairs аrе сгеаtеd. The Соulоmь potential is герulsivе fог the сrеаtеd

роsitгопs, so they escape the system. Непсе, al z>zr, а quasistationary state арреаrý

iп the lower епеrgу сопtiпчum and the пеw часuum of QED, which coпesponds to

the filling of dl tйе еlесtгопiс states with Е<-mс2, has the total electric charge 2е

tt1, lз, Й1. baeed, all the electronic states with E<-rrc2 (the Diгас sea) wеrе filled at

Z<Z",, so еlесtгопs сгеаtеd Ьу the Strопg СоulоmЬ field with Z>Z,., саппоt Ье

dеsсгiЬеd Ьу means of а convenient wavefunction, and the notion of а сhагgеd

часuum was introduced to dеsсгiЬе these States Ilз-l7]. In tеrms of the new vacuum,

the density of еlесtгiс charges p(r) is classical. It is а function which сhаrасtегisеs the

spatial distгibution of the rеаl electric сhагgе арреаriпg in the new (charged) часuчm,

while in tегms of the old (uncharged) часчum, this function should Ье iпtеrргеtеd as

the pгobability of two еlесtrопs (with сhаrgе 2е) being ргеýепt at а given point in

Space.

We would like to see how the sаmе system behaves in two dimепsiопs. With this aim

we shall apply the WKB method to the Dirac equation in а Stгопg Coulomb Гiеld.

Such ап approach works rather wel] for states with епеrgу both О<с < l and с <-l
(iп mс2 units). The obtained quasiclassical fогmulае fоr the епеrgу of quasistationary

levels of solutions of the Dirac equation in the lower сопtiпuчm iп (2+l) dimensions
allow the tгеаtmепt of а wide rапgе of problems in the thеогу of supercгitical atoms.

3.2. The Dirac Equation in ап Ехtеrпаl СоulоmЬ Field in 2+1 Dimensions

Since Il8] the Dirac algebra in (2+l) dimensions mау Ье rергеsепtеd in tегms оf the

Pauli matrices as 70=63, zk=il. The Dirас equation fоr ап electron minimally coupled
to an ехtеrпаl electromagnetic field has the fогm (й:с:и=l)
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(ta/a t- н оР = 0, (з.1)

(3 .з)

ц**
гАý
I

Нр=Ер+ В-еяОt -оrh,-о"h+о3-еа0/ (3.2)
is the Dirac Hamiltonian, Рr=Йч+е4 is the ореrаtоr оf the geneгalised
mоmепtчm of the еlесtrОп, -е is the еlесtгiС сhаrgе of the еlесtrоп (е>О), А, the
vесtоr potential of the ехtеrпаl electromagnetic field and the сопsеrчеd total апgulаг
mоmепtцm has onlY а singlc component' namely, /.=L.+S., whеге L" = -tЭ/0@ and
S"= оЗ12.

Let us apply the Dirас equation (1), (2) to
with пuсIеаr сhаrgе eZ>> L. We neglect
ч ес t о r о",. 

*ч;i ;"=r: шо,",'" :: :i?: i
Гоr 0< r<*.

we seek the solutions of the Diгас equation (l) in the field (3) in роlаг coordinates in
the fогm

study two-dimensional hydrogen-like ions
the size of the nucleus and аssumе the

tY (t,8 - l+ exa-fct+ tlq)Vt,q) ,,lъt
/ \ 1 ( F.( г) )

V|Г'Q) = 
л[ 

", 
il"* )

(3.5)
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(з.4)
whеге с is the епеrgу апd / is an integer пчmЬег. Note that the function (3.4) is ап
eigenfunction of the the Dirас Hamiltonian Но and .I. is the total апgчlаr momentum
with eigenvalues е and /+l/2, respectively.
The fuпсtiопs F(г) апа G(г) satisfy the equations

The exact solutions and the епегgУ eigenvalues with e<l соггеsропdiпg to stаtiопагу
states of the Diгас equation mау Ье fочпd iп full analogy to thJ case of three spatiai
dimensions [9]. I€t us сопsidег the functions Л and G in the fогm

F- ffi €Pl2pr(g +Ф), G- ,'ЕF €pl2pr(q -Ф),
(3.6)

Р-2.hr, Д=

(3.7)
The value of 7 is to Ье found Ьу studying the Ьеhачiоur of the wavefunction at small
values of r. The functions Q1 апd Q2 which гепdег the solutions of (3.6) to а finite
value at р=0 аrе given in tеrms of the сопflчепt hурегgеоmеtriс fuпсtiоп Л(а; D,. z) as:

Q = АЛ{у -ehl7 ЭЛ*Ур), Qr= В4у -s?rхlЛ+LИ +I:p),

в= У-ЕZаlЛ л.
l+ll2+ hl),

It is easY to show that the following values of the quantum пumЬеr п, аrе allowed;
п;0,1,2,..., if l>0, and п,=1,2,З,... if t<O. The еlесtrоп-епеrgу spectrum in the
Coulomb field (3.3) is
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(h)2

ry+ (t + |Z)" -th)z
It сап Ье seen that for l=пл0 ао Ьесо
dimensions sg eQuels zеrо at И, - |.

at h, - У2, whereas in thrее spatial

у2

Ze

S,

In оrdеr to dеtеrmiпе the еlесtrоп-епегgу spectrum in the coulomb field with the
сhаrgе 2Z>l31 , we need to eliminate the singularity of the СочlоmЬ potential of а
point сhагgе at в0 ЬУ cutting off the СоulоmЬ potential at Small distances of rл7. This
is equivalent to tакпg into ассоuпt the size оf the пuсlечs. we consider the Сочlоmь
potential iп the fоrm:

[и
| --, г> ъ,

У(.)=] 
^?,\i--Jl - |, rS г".

[ г l.h]

t0 = 

[,-

l-
_l
'r]
meS

Тhu
iп tht

in two space dimensions the ехрrеssiоп
fоr the еlесtrоп ground-state епеrgу in Coulomb field of а роiпt-сhаrgе Zlrl по
lопgег has а physical meaning at а much lower value thап h, = |2 and the
coпesponding solution of the Diгас equation oscillates пеаr the point г -+ О.

(3.8)
Неrеfiх) is the cut-off function and 0< х= гf r* < l. Vеrу often the following models

аге used: _f(")= r and flx)= (З- t)lZ In the given рареr the fiгst model Л9= 1

is considered.
In the rеgiоп Г( Гry , the finite solution at r= 0 of this equation is

F(г)= J7.;1,,1л4, q.;= 
"o{r 

- !)r#r*r;i,tl(k.).

(3.9)

In the ехtегпаl rеgiоп г > гN, the potential Y(r) is а Coulomb potential Ьut we take
into account both signs of the quantity у . Thus, the Гiпitе solutions at г J - оf the
Diгас system (3.6) аrе dеtегmiпеd Ьу (3.7) and the ГuпсtiопS Q1 and Q2 аГе

Щ = C,V (llZ- xi + у Ц *t, о), j = L2,

Xl = fuel), + У2, Xz -hsf Л-If2, р-йг, C"lCl= kхlЛ-I-|f2,
(3. l0)

whеrе Y(а; Ь, е) is the iгrеgulаr solution of the сопfluепt hуреrgеоmеtгiс equation.

Matching the iпtегпаl and ехtегпаl solutions at the point l=гн gives the equation

G Qr-Q"
ffi й+Q,

(з.11)

uS

he

= sgФ +у21 F, {,-ч,!ПР,г=lv -v'\- 1-/s+hf(N,+1 
.li,1 (tr) '
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which dеtегmiпеs the Dirас equation spectrum.
g -+ - l equation (З.l 1) is transcendental fоr

tl9]

In оrdег to find а solution of the Dirac equation in the

епеrgу rапgе g < - 1 and fоr quasistationary states
we apply the WKB method. It сап Ье seen that the

system (З.8) can Ье obtained frоm (2.2) Ьу

substituting G-+ -G and ж -+ -(tn У2). So it is
woгthwhile to usе the results obtained in section 2. In

this case the effective potential has the fогm of а

potential with а Ьаггiеr, too (see figure 3)

Calculating the integral in (2.9) fоr the potential (З.8)

and taking into account that lul .. hlцч , we obtain

L.

- glп-ДJ#
2-gN2

2g" Иrt

U(r,c)

Fig. 3. The effective potential U(г,с)
g S -1.

the transcendental equation fоr

At
Zr,,

Е
()

L
TAS
I

.}| \,, ,\
,i_--_:-r

,luji

]

.

-t}

',*=rff ]

i
?
!,\,
\\

t*

,ь

(3. 12)

(3. 15)

at

си,, lul И,+kg
tп-2k lrlИ-kg

( 1\
=z[ n*r),

,Г
t=ZaIl

{
(з. lз)

The пumеriсаl solutions of equations (3.1l)-(3.13) (fоr model I) fог the thrее lowest

states аге shown in figuгe 4. Let us now pass to сопsidег the level width А= -2Imс n

that coincides with the ргоЬаЬilitу of the Sропtапеоus сгеаtiоп of роsitгопs,
Substituting the obtained quasiclassical fогmulае fог G and F into (2.10) we have

оЫаiпеd

А_д".+ ъти,lДW _"{tr
(3.14)

цit-t

т_+= __2Г ^'{W")l, ,\ pl'n-; 
Ilcl 

fu-Йj]

3.3. Conclusions

l*, e=2.7l8..
J

10l



In this рареr,Ьу ап exact solution of the Dirас equation with
in (2+ 1) dimensions, we сопstгuсtеd the discrete епеrgу,,

- l< g < l. The WKB-solutions of the two-dimensional Diгас

а strong Coulomb field
sресtrum in the гапgе
equation wеrе

о sihve сопfiпuum спе

20 40 60
states

100 120 140

2hд\ 2sl;

negahve епеrsI с опfirruum

occupied цлith еlесffопs

Figurе 4: The energy eigenvalues of the Dirас system (3.б) manifest the thrее thresholds fог the пчсlеаr
сhаrgе пumЬеr Z; (l) at Z = L\f2 solutions with /=0 dissарреаг fоr point nuclei (dashed счгчеs), (II)

at Z = 8З the ls binding епеrgу balances the еlесtгоп rеst mass if опе takes into ассочпt the finite size
of the пчсlеi (full счrчеs), and (III) st the cгitical сhагgе пчmЬеr Zn = IOi the ls state епtеrs the

negative епеrgу сопtiпuum.

obtained. Using the obtained quasiclassical fоrmulае we find the spectrum of
quasistationary levels (its position апd width) iп the lоwеr епеrgу сопtiпuum е < -1
fог а spherical superheavy nucleus with а сhаrgе Z, Z", (see figure 4). The
comparison of the values fоr а critical charge Z,, which аrе obtained frоm exact
solutions of the Diгас equation with Z,r оЫаiпеd frоm the quasiclassical fогmulае
(3.12), (3.13), shows а good аgrееmепt (see figure 2). Note that in the ground state fоr
the mode| I at rд=Q.Q] Z_=Loi and l70 in (2+l)_ and (3+l)_dimensional QED,
геsресtiчеlу. Thus, the Dirac часчum iп two spatial dimensions in the ргеsепсе of а
StrОПg Coulomb field is unstable against еlесtrоп-роsitrоп ргоduсtiоп at significantly
smаllеr values of the сгitiсаl сhаrgе than in the case of thгее spatial dimensions.
Апоthеr diffегепсе between these two cases results fгоm the fact that еlесtrопs
confined to а plane behave like а spinless fегmiоп. so if the electronic ground state at
Z 1 Z", is vacant, опе раir is created; if it is occupied, по раirs аrе created.

|02



Task Т2

4. Меаsurеmепt апd R-mаtriх Calculation of Еlесtгоп-Imрасt De-Exitation of
the (3s3p)3Po,r2 States in Mg

In the реrfоrmеd investigation the energetic dерепdепсе of the cross section of the
superelastic еlесtгоп in collisions with metastable Mg atoms was dеtегmiпеd fоr the
first time [20]. In оur experiments the superelastically scattered electrons were
detected and the energy dependence of their formation сrоss section (0') was
dеtегmiпеd Ьу measuring the ratio of the сurrепt (i') of the scattered electron to the
еlесtrоп Ьеаm сurrепt (i"), i.e. Q" = i'li". In [21] the dependence of the superelastic
electron scattering cross section on the еlесtrоп епеrgу is presented. The rеlаtiче
uncertainty in determining 0'was - 87о, the епеrgу scale calibration еrrоr 0.1 еV.

Magnesium atoms have two triplet metastable stateý 3s3p ЗР9, 3s3p 3Р2 with
excitation energies of 2.1| еV and 2.72 еУ. Both of these metastable states wеrе
present in the aiomic beam with а the ratio of their сопсепtrаtiоп ЛГ(3s3р ЗРg1 

/ I{ 1,

3s3p 3Р2) 
= 1/5.

As а result of superelastic electron'scattering, atomý mау decay from the metastable
state into the ground state 3s2 'So. Th. соrrеsропdiпg rеасtiопs сап Ье written in the
fогm:

е + мg(3sзр'ро) -+ Mg(3S2 lSo) * е',

е + ме(3sзр З р) -+ M8(3s2 'so) *е",

(4.1)

(4.2)

where е is the incident electron with the епеrgу Ei е' Md е" ate superelastically
scattered electrons with energies of (Е+2.7|) еV and (Е+2.'72) еV. Taking into
ассоuпt that the difference between the energies of the scattered electrons is 0.01 еV,
it must Ье said that the resulting cross section reflects ап ачеrаgе cross section of
reactions (4.1) апd (а.2).
In оrdеr to explain the рhепоmепоп of superelastic electron scattering in collisions
with metastable atoms, the following model has Ьееп developed. According to it, the
superelastic рrосеýs proceeds Ьу the following scheme:

е- (Е)+ А, *+ А-* -+ Z- (Е +^Е) + 4,
(4.3)

where А-" is the negative ion in the excited state.

Fоr Mg atoms the reaction сап Ье written in the following way:
е(Ц + Mg(33pr) -+ Mg--+ Mg(3 3Р) + е(Щ;

-+ Мg(3 'So) + e(E+AEr);

+ Mg(3'Po) + е(Е+ЬЕ);\' 
-+ Mg(3 'Р,) + е(Е+ЬЕэ);
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l-+ Mg(3 ',S9; + йч.
we аrе limited only Ьу the consideration of the metastable 3 зр2-stаtе.

In оur ехреrimепts negative ions wеrе detected and the епеrgу dерепdепсе of their
fоrmаtiоп сгоss section (oJ was determined Ьу mеаsчriпg the ratio of the negative-
ion сurrепt (f) to the electron beam счrrепt (6), i.e. Qi = i'li".

We used а R-matrix method with pseudo-States [22) iп а 35-state iпtегmеdiаtе-
couPling approximation for the calculation of the electron-impact excitation сrоss
sections iп пеutrаl Mg. А configuration-interaction representation with frоzеп соrе
was used for the оutеr electrons of the target. The close-coupling expansion includes
the 21 physical tаrgеt ýtates and 14 pseudo-states in the L,S,I -coupling scheme.

The pseudo-states аrе introduced in the close-coupling expansion to rерrеsепt, in
some artifcal way, the remaining infinite пчmьеr of Ьочпd states and continuum states
of the target, which could not Ье included directly. In cases when the convergence of
the close-coupling expansion is slow, these states сап lead to considerable соrrесtiопs.
Тhеrе is no unique way to dеtеrmiпе the pseudo-states and different authors use
different methods. In опе of the mоrе often used methods the ýtateý аrе obtained Ьу
diagonalisation of the model Hamiltonian in the final basis of some functions, e.g., the
Lagueпe functions, Slater functions and so on. In а mоrе gепеrаl way the hiфеr-lуiпg
eigenvalues obtained frоm diagonalisation of the target Hamiltonian аrе used as
pseudo-states. In cI calculations we obtain mапу eigenstateý, whеrе the first of them
rерrоduсе the low-lying physical states rаthеr well. The rest of eigenvalues has
епеrgiеs which do not аgrее with any specific state and сап Ье considered as pseudo-
states, which rерrеsепt, in some ачеrаgе mаппеr, the residual stateý фоth bound and
сопtiпuum) of the target. This рrосеdurе was applied fоr Mg, where we use orbitals of
Mg* fоr the сопstruсtiоп of а basis set. The,unsolved qu.rгion is the ассurасу of this
representation Ьесаusе the пчmЬеr of pseudo States and their position strongly
depends оп the basis functions.
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Тhе ргеsепt calculations аrе а direct extension of оur previous L,S calculations [23] of
еlесtгоп-imрасt excitation of the Mg atom to the case of intermediate coupling and
have ЬееП undertaken in support of rесепt mеаýurеmепts of super-elastic scattering on
the metaýЙble 3s3p'Pg,2levels of Mg, as described аЬоче.

110

Mg+e

(3sзр)'р, - 13s2l1so (curve 2)

(3sзр)'ро - 13s'l'So (curve 0)

l

0,0
I

0,5 1,0 1,5

Еlесtrоп energies, frоm 3'Ро threshold (еV)

Figure 5: The de-excltation (3$р)Ъ,z - (3s2)1so сrоss sections: Ъ -'sо transition;

'& - 'Sn trапsitiоп.

In the ехрrimепt the раrt of the integral cross section for super-elastic scattering iп
the rапgе of scattering angles frоm 0 to -0.5 rad was measured. The епеrgу
dependence of these cross sections fоr supr-elastic scattering frоm metastable з,й
states of the Mg atom was obtained in the пеаr-thrеshоld region.
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Figчrе 6: Excitation сrоss sections fоr the (ЗsЗр)зРz . (ЗsЗр)3Рz elastic collision ргосеýýеs with the

33Pz metastable stяtе.
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