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Abstract. A recurrent scheme for finding the quasiclassical solutions of the one-

dimensional equation got by the separation of variables from the Schrödinger equation in

prolate spheroidal coordinates has been elaborated. By means of this scheme, WKB ex-

pansion quasiclassical two-Coulomb-centre wave functions at large distances between the

fixed positive charges (nuclei) have been constructed for the entire space of the negative

particle (electron). Our method provides simple uniform estimates of the eigenfunctions

at arbitrary internuclear distances R, R � 1 included. In contrast to the perturbation the-

ory, the interaction need not be very small in the quasiclassical approximation. Its appli-

cability domain is hence wider. That permits analyzing qualitative laws for the behavior

and properties of quantum mechanical systems.

1 Introduction

The study of the electron motion in the field of two Coulomb centers (the so-called Z1eZ2 problem)

began with the paper of Pauli [1]. Since then, this problem has attracted a lot of research mostly

in connection with the problems of atomic and molecular physics (the status of the problem and

references on the subject up to 1978 can be found in the monograph [2] and next papers [3, 4]).

The intensive studies of the problem of two Coulomb centers Z1eZ2 during the last thirty years

were stimulated not only by the availability of powerful computers and the successes achieved with

asymptotic methods in solving ordinary differential equations, but also by the requirements of meso-

molecular physics [5, 6] and the theory of ion-atom collisions [7]. New forms of asymptotic solutions

were obtained both for the problem of the hydrogen molecular ion H+2 [8] and for the problem of two

centers with strongly different charges [9–11].
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The two-Coulomb-centre problem was also investigated in the relativistic case [12], the study of

exchange interactions in molecular ion dimers [13], at small intercentre distances in two-dimensional

[14] and arbitrary dimensional [15, 16] cases.

In spite of this, there is still a high interest in this problem for two main reasons. On the one hand,

the two-Coulomb-centre system is an important model for the theory of diatomic molecules, much

as the hydrogen atom is for the theory of multielectron atoms. On the other hand, this system has

many applications, such as in the study of specific scattering problems and the characterization of the

plasma radiation.

As a suitable method for calculating the wave functions and all other quantities required in the

problem of the interaction of two heavy ions, we propose to employ the quasiclassical approach. This

approach allows us to obtain analytic solutions, but it is limited to asymptotically large internuclear

distances R. These distances should be sufficiently such large that the quantum penetrability of the po-

tential barrier separating the atomic particles is much smaller than unity. A large number of problems

exit [17–19], the solutions of which depend on that region of the internuclear distance. We stress,

however, that the analytic expressions derived for the asymptotic behavior of various splittings and

shifts of the potential curves can sometimes be used in the region of internuclear distances that are

smaller than those given by the formal criteria of applicability of the asymptotic expansions. Qual-

itatively, this can be explained by the fact that the asymptotic solutions of the two-center problem

retain the basic analytic properties of the exact solution [2] rather well, even the first term of the wave

function expansion in powers of R−1, up to sufficiently small R, and, thus, reproducing the results of

variational calculations [19]. These properties are also conserved for other quantities computed with

these functions.

2 Basic equations

The motion of the electron in the field of two fixed nuclei with charges Z1 and Z2 is described by

the Schrödinger equation

(
−1

2
Δ − Z1

r1

− Z2

r2

)
Φ

(
�r,R

)
= E (R)Φ

(
�r,R

)
, (1)

where r1 and r2 are the distances from the electron to nuclei 1 and 2, E(R) is the electron energy and R
is the distance between the nuclei. The Schrödinger equation (1) is separable in the prolate spheroidal

coordinates:

ξ = (r1 + r2)/R, η = (r1 − r2)/R, φ = arctan(y/x), (2)

ξ ∈ [1;∞) , η ∈ [−1; 1] , φ ∈ [0; 2π) ,

where x, y, z are the Cartesian coordinates of electron. If we replace the wave function Φ
(
�r,R

)
by the

product function

Φ
(
�r,R

)
=

U (ξ,R)√
ξ2 − 1

V (η,R)√
1 − η2

e±imφ

√
2π
=

Ψ (ξ, η,R)√
(ξ2 − 1)(1 − η2)

e±imφ

√
2π

(3)

and use the new variables

μ =
R
2

(ξ − 1) , μ ∈ [0,∞) , ν =
R
2

(1 + η) , ν ∈ [0,R] , (4)
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we obtain the quasiradial and quasiangular equations for functions U(ξ,R) and V(η,R)

U′′ (μ) −
[
γ2 − Z1 + Z2 + λξ/R

μ
− Z1 + Z2 − λξ/R

R + μ
+

R2(m2 − 1)

4μ2(R + μ)2

]
U (μ) = 0, (5)

V ′′ (ν) −
[
γ2 − Z1 − Z2 − λη/R

ν
+

Z1 − Z2 + λη/R
R − ν +

R2(m2 − 1)

4ν2(R − ν)2

]
V (ν) = 0, (6)

where γ = (−2E)1/2.

These new functions satisfy the following boundary conditions:

U(1) = 0, U(ξ) −−−−→
ξ→∞ 0, V(±1) = 0.

Here λξ and λη are separation constants depending on R and m is the modulus of the magnetic

quantum number. The two one-dimensional equations (5) and (6) are equivalent to the original

Schrödinger equation provided the separation constants are equal:

λξ = λη. (7)

When R is much larger than the size of the electron shells centered on the left-hand nucleus, the

ratios μ/R and ν/R are small quantities in the intra-atomic space. This allows us to use the perturbation

theory to solve (5) and (6) in intra-atomic space and to find the separation constants λξ, λη.

3 Perturbation theory and the asymptotic behavior of two-Coulomb-centre
quasiradial and quasiangular wave functions

In this section we give the basic formulae for the asymptotic behavior of the two-Coulomb-centre

quasiradial and quasiangular wave functions in the vicinity of the left-hand nucleus [20] which will

be employed for sewing with the quasiclassical solutions of the Z1eZ2 problem obtained in the under-

the-barrier region (see Section 4).

Let us assume that when R tends to infinity, λ has the same order as R. Then in the zero-order

approximation (i.e. at R = ∞) the equation (5) takes the following form:

u′′(0) (μ) −
[
γ2 − κ1

μ
+

m2 − 1

4μ2

]
u(0) (μ) = 0, (8)

where

κ1 = Z1 + Z2 + λ
(0)/R.

The solution of (8) satisfying the boundary condition set at μ→ 0 is

u(0) (μ) = N(0)
1

exp(−γμ)(2γμ)(m+1)/2F
(

m + 1

2
− κ1

2γ
, m + 1, 2γμ

)
, (9)

where N(0)
1

is the normalization constant which is determined from the condition

∞∫
0

|u(0) (μ) |2dμ = 1 ⇒ N(0)
1
=

[
(n1 + m)!

n1! (m!)2 (2n1 + m + 1)

]1/2
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and F(α, β, x) is the confluent hypergeometric function. The solution (9) satisfies the boundary con-

dition at infinity provided the parameter (m + 1)/2 − κ1/2γ equals to zero or a negative integer,

(m + 1)/2 − κ1/2γ = −n1, (n1 = 0, 1, 2, . . . ). Hence for the separation constant λ(0)(R) we obtain

λ(0)
n1

(R) = R
[
γ(2n1 + m + 1) − Z1 − Z2

]
.

To find the solution at large but finite values of the parameter R, following [20] we shall use

the perturbation theory. In equation (5), we shall consider the energy as a parameter with a certain

given value and the separation constant λ as an eigenvalue of the corresponding operator. Then the

computation of the corrections to the eigenvalue and eigenfunction can be done following the standard

approach. We expand the desired wave function U(μ) into series with respect to the unperturbed wave

functions u(0)
n1

(μ),

U(μ) =
∑
n′

1

cn′
1
(R)u(0)

n′
1

(μ).

Substituting this expansion into (5), the multiplying by u(0)∗
n1

and integrating, we find(
λ − λ(0)

n′
1

− 1 − m2

2

) 〈
n′1

∣∣∣μ−1
∣∣∣n′1〉 cn′

1

=

∞∑
k=0

(−1)k+1

Rk

[
Z1 + Z2 − λ/R + (k + 3)

1 − m2

4R

]∑
n′′

1

〈
n′1

∣∣∣μk
∣∣∣n′′1 〉 cn′′

1
, (10)

where
〈
n′1

∣∣∣ μ−1
∣∣∣n′1

〉
are the matrix elements of the operator μk defined by means of the unperturbed

functions u(0)
n1

(μ). Here the matrix elements of the operator 1/μ are diagonal. From (10) we may

calculate any order of the corrections to the eigenvalue and eigenfunction (for details see [20]).

So within the perturbation theory one can find the asymptotic (for large R) solutions of the equa-

tions (5) and (6). Normalizing the total wave function Φ
(
�r,R

)
to unity we obtain the wave function

of the electron moving near the first nucleus and perturbed by the second one up to R−2 as

Ψpert(μ, ν) = C

⎡⎢⎢⎢⎢⎢⎢⎣ f (0)
n1

(μ) +

2∑
p=1

p∑
k=−p

c(p)

n1+k f (0)
n1+k(μ)

⎤⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎣ f (0)

n2
(ν) +

2∑
p=1

p∑
k=−p

c(p)

n2+k f (0)
n2+k(ν)

⎤⎥⎥⎥⎥⎥⎥⎦ , (11)

where

f (0)
l (x) =

(
(l + m)!

l!(m!)2(2l + m + 1)

)1/2

(2γx)(m+1)/2e−γxF(−l, m + 1, 2γx). (12)

Here n = n1 + n2 + m + 1 and for p = 1, 2 all of the c(p)

n1,2+k coefficients have been found in [20]. The

expression for the normalization constant C is too cumbersome and not given here.

4 WKB solutions of the quasiangular equation in inter-centre region

We rewrite the quasiangular equation (6) as a one-dimensional Schrödinger-like equation:

V ′′ − q2

�2
V = 0, (13)

where q =
√

2(Ueff − E) and the function

Ueff = − Z̃1

ν
− Z̃2

R − ν +
�

2
(
m2 − 1

)
8ν2(1 − ν/R)2

, Z̃1,2 = [±(Z1 − Z2) − λ/R] /2
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plays the role of the effective potential energy.

We seek the solution of (13) as:

V = eS/�
∞∑

k=0

�
kϕ(k). (14)

Substituting (14) into (13) and equating to zero the coefficients of each power of the Planck constant

�, we arrive at a system for the unknown functions S (ν) and ϕ(n)(ν)

(
S ′)2
= q2, (15)

2S ′ϕ(0)′ + S ′′ϕ(0) = 0, (16)

2S ′ϕ(k+1)′ + S ′′ϕ(k+1) + ϕ(k)′′ = 0, k = 0, 1, 2, . . . (17)

According to the general conditions of validity of the quasiclassical approximation [21], the po-

tential barrier should be quite wide, i.e., ν2 
 ν3 where ν2,3 are the internal turning points which

are found from the expansion in powers of R−1 and solving the equation at q = 0. This gives us the

requirement

[
2(Z̃1 + Z̃2) + (4Z̃2

1 + γ
2(1 − m2))1/2 + (4Z̃2

2 + γ
2(1 − m2))1/2

]
/(2γ2R) 
 1 (18)

which can be always fulfilled at large R. Then one can sew the WKB solution (14) with the asymp-

totics found by expanding the perturbed function Ψpert (11) by powers of ν−1:

Ψ (μ, ν) −−−−−−−→
ν2
ν
νm

Ψas (μ, ν) . (19)

Here νm is the maximum point of function Ue f f . In the under-the-barrier region ν2 < ν < ν3, the

solution of (15) is the decreasing function

S (ν) = −
∫ ν

ν2

q(ν′) dν′. (20)

The linear equations (16) and (17) then yield

ϕ(0) =
C(0)

√
q
,

ϕ(k) =
1√
q

[∫
ϕ(k−1)′′

2
√

q
dν +C(k)

]
.

Calculating the integrals in ϕ(k) and applying the boundary condition (19) we find that ϕ(2) ∼ R−3.

Therefore, restricting ourselves by terms of order R−2 we obtain the quasiclassical wave function in

the under-the-barrier region,

V =
C(0)

√
q

exp

[
−

∫ ν

ν2

q dν
] (

1 − Z̃1

4γ3ν2
+

Z̃2

4γ3(R − ν)2

)
, (21)

where

C(0) = C(R) (−1)n2 e−Z̃1/γQ+Q−
[
1 +

C1

2γR
+

C2

8γ2R2

]
,

Q± =
⎛⎜⎜⎜⎜⎜⎝ Z̃1

γ
±
√

m2 − 1

2

⎞⎟⎟⎟⎟⎟⎠
{n2+1/[1±√(m−1)/(m+1)]}/2

, C1 = − [
2n2 + m + 1 − 2(Z1 − Z2)/γ

]
,

Mathematical Modeling and Computational Physics 2015

02028-p.5



C2 =
(Z1 − Z2)2

γ2

[
2(2n2 + m − 1) +

(m2 − 1)(2n2 + m + 1)

2n2(n2 + m + 1) + m + 1

]
− 2(Z1 − Z2)

γ
[2n2(2n2 + 2m − 1)

+m2 − m − 3 − 2
6n2(n2 + m + 1) + (m + 1)(m + 2)

2n2 + m + 1

]
+ 2n2(2n2

2 − 7n2 − 9) + 2m2(n2 − 1)

+m(6n2
2 − 14n2 − 9) − 7.

5 Conclusions

The quasiradial and quasiangular wave functions are derived for the electron moving in the field of

two Coulomb centres with arbitrary charges, Z1 and Z2, when the distance between the centres is

large. We used the quasiclassical approach to find the quasiangular wave functions and the modified

perturbation theory for the quasiradial ones. In the present study, the first three terms of this expansion

have been derived.
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