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CLOSED EXTENSION TOPOLOGY

The paper contains the results which describe the properties of such general topological construc-
tion as closed extension topology. In particular, we prove that this topology is not transitive. We
find the base of the least cardinality for the topology and local one for the neighbourhood system
of every point. We calculate the interior, the closure, and the sets of isolated and limit points of
any set. We also prove that this space is path connected and not metrizable, and investigate its
major cardinality characteristics and separation axioms.

V poboti OTprMaHO PE3yIABTATH, AKI ONMUCYOTh BJIACTUBOCTI 3araibHOI TOMOJIOTIYHOT KOHCTPYKITT —
TOMOJIOIT 3aMKHEHOT'O PO3IIHUPEHHS. 30KPeMa, JI0BEIEHO, 10 I TOIOJIOris He TPAH3UTUBHA, 3HA-
fimeno 6asu HAWMEHINOI MOTYKHOCTI JJIsi TOIMOJIOTII Ta CUCTEMH OKOJIB TOUYKH, OOUUCIEHO BHY-
TPIMTHICTE, 3AMUKAHHSA, MHOXKWHI TPAHUIHAX Ta i30bOBAHUX TOYOK AOBIIBHOI MHOKHWHM. TaKoxK
JIOBEIEHO JIHIHHY 3B’ SI3HICTb 1 HEMETPU3OBHICTD IIHOTO TOTOJIOTIIHOTO TPOCTOPY, AOCHIIZKEHO HOro
OCHOBHI Kap/IMHAJIbHI iHBapiaHTH if aKCIOMU BiITOKPEMJTIOBAHOCTI.

Closed extension topology is introduced in [1] for the case when its carrier differs
from the one of the starting topological space by one point. A particular case of
this construction is particular point topology which appears as a closed extension
of the discrete topology. The most famous example of particular point topology is
Sierpinski space. We generalize this construction to the case of an arbitrary superset
of the carrier of the original space.

Let (X, 7) be a topological space and let X* be a superset of X. Then the family
r={VCcX"|VCX\XorV=(X"\X)UU U € 7} is atopology for X*, which
is called the closed extension topology of X to X*. Indeed, if all of the sets U, € 7*,
a € T, lies in X*\ X, then their union is also contained in X*\ X. Otherwise, this
union has the form (X*\X)UU for some U € 7. If the index set T is finite and
at least one of U, lies in X*\ X, then the intersection F‘I U, is also contained in

X*\X. Otherwise, this intersection has the form (X* \X ) U U for some U € 7.

Thus the open sets of X* are all subsets of X*\ X and all unions (X*\X)U U
where U is open in X. Respectively, closed sets in X* are all supersets of X and all
closed sets in X.

Example 1. Let X be a topological space and let A be a proper subset of X.
Then A-excluded topology for X is the closed extension topology of the indiscrete
space A to X.

Proposition 1. The closed extension topology T of a topological space (X, T)
to X* is supremum of topology 0 = {@} U {(X*\X)UV, V € 7} and X-excluded
topology for X*.

Proof. Topology 7* contains ¢ and X-excluded topology for X*, and so contains
their union and supremum. Conversely, each set of 7* is contained either in ¢ or in
X-excluded topology for X*, and hence lies in any topology for X* containing the
union of ¢ and X-excluded topology for X*.

A map f: X — Y of topological spaces (X, 7) and (Y, 0) is called inducing, if
the topology 7 is induced by o and f.
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Theorem 1. Let (X, T) be a topological space, let X* be a superset of the set X
and let T be the closed extension topology of X to X*. Then the natural embedding
X 3 avsx € X* is closed inducing map. In particular, (X, 1) is closed subspace of
(X*, 7).

Proof. Let 7% be the topology for X induced by 7*. We will show that 75 = 7.
Clearly 7 C 7%. Conversely, if U € 7%, then U = XNV for some V € 7. By
definition of the closed extension topology the intersection X NV either is empty
or belongs to 7. Hence X is the subspace of X*, i. e. the natural embedding i is
inducing. Besides, 7 is closed, since the subspace X is closed in X*.

Unlike extension topology [2] closed extension topology (like open extension

topology [3]) is not transitive. Hence the natural embedding X > z+5>2 € X*
is not quotient, i. e. the closed extension topology is not quotient topology with
respect to 7 and 1.

Example 2. Consider nested sets X = {a}, X* = {a,b}, X** ={a,b,c}. Then
for the discrete topology T for X we have (7%)* = {@, X** {c},{b,c}} # 7 =

{2, X, {b}, {c}, {b, c}}.

Let us describe a base of the least cardinality of the closed extension topology
and local one with respect to it.

Proposition 2. A base of the least cardinality of the closed extension topology
of a space X to X* has the form p* = {{z}, (X \X)UU |z € X*\X,U € B} where
B is a base of the least cardinality of the space X .

Proof. A point x € X*\ X has the smallest neighbourhood {z} which should
belong to any base of X*. So {z} € f*, x € X*\X. Since any open set in X* is the
union of some families of the sets from {(X*\X)UU | U € } and {{z},x € X"\ X},
the family 5* of open in X* sets is the base of X*. Besides, the cardinality of 5 can
not be reduced, and no set from {{z},z € X*\ X} can be removed.

Proposition 3. Let 7 be the closed extension topology of a space X to X*.
Then a local base of the least cardinality at any point © € X* has the form {{z}}
for v € X*\X, and {(X\X)UU | U € B,} where 3, is a local base of the least
cardinality at point x in X, forx € X.

Proof. Let (3 be a local base of the least cardinality at point x € X*. If
x € X*\ X, then the set {z} is the smallest neighbourhood of =, and so 5} = {{z}}.
If € X, then g = {(X*\X)UU | U € 8.}, since any neighbourhood of = in 7* is
the union of the complement X*\ X and a neighbourhood of z in 7 which contains
some basic neighbourhood U € f3,.

The following Proposition gives an explicit description of the interior, the closure,
the sets of isolated and limit points of an arbitrary set of a topological space with
the closed extension topology, and necessary and sufficient conditions for density
and nowhere density of a given set.

Proposition 4. Let 7* be the closed extension topology of a space X to X* and
let A C X*. Then:

1) the interior of A in X* is equal to Intx+ A = (X*\X) U Intx (AN X), where
Intx (AN X) is the interior of the intersection ANX in X, when A D X*\X, and
Intx+ A = A\X otherwise;
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2) the closure of A in X* has the form Ax- = Ay, where Ax is the closure of A
in X, when A C X, and Ax+ = AUX otherwise;

3) the set of isolated points of A in X* is calculated by formula Ix+(A) = 1x(A),
where Ix (A) is the set of isolated points of A in X, when A C X, and I1x-(A) = A\X
otherwise;

4) the set of limit points of A in X* is equal to Ay, where A’y is the set of limit
points of A in X, when A C X, and Aly. = X otherwise;

5) if X*\X # @, then A is dense in X* if and only if A D X*\X; otherwise A
s dense in X* if and only if A is dense in X.

6) A is nowhere dense in X* if and only if A C X.

Proof. 1) If A D X*\X, then the largest open set in X* contained in A
is obviously (X*\X) U Intx(ANX). Otherwise, no open set in X* of the form
(X*\X)UU where U is open set in X lies in A, and so Intyx- A = A\ X.

2) If A C X, then the largest open set in X* that does not intersect A is
(X*\X) UIntx(X\A), and so Ax- = Ax. Otherwise, the largest open set in X*
that does not intersect A is (X*\X)\A4, and therefore Ay = AUX.

3) A point of A is isolated in A if some neighbourhood of this point does not
contain distinct from it points of A. Clearly every point x of A C X is isolated in
A in the space X* if and only if z is isolated in A in the space X. If A ¢ X, then
any point of A\X is isolated in A, but every point x of AN X is not, since each
neighbourhood of x has at least two point intersection with A.

4) If A C X, then Ay. = Ax:\Ix-(A4) = Ax\Ix(4) = A%. Otherwise, A%. =
(AUX)\(A\X) = X.

5) According to 2) the set A is dense in X* if and only if X* = Ax. = AUX
which is equivalent to inclusion A D X*\ X.

6) The set A is nowhere dense in X* if and only if @ = Inty-(Ax+) = Ax-\X
which is equivalent to inclusion A C X.

Now we proceed with the study of topological properties of the closed extension
topology.

Theorem 2. Let 7* be the closed extension topology of a space X to X* and
X*# X. Then X* is path connected and thus connected.

Proof. For every points x € X and y € X*\ X the map [ : [0,1] — X* defined
by 1(0) = z and {((0,1]) = y is a path in X* joining = to y.
Corollary 1. FEwvery topological space can be embedded as closed subspace in a

path connected (and thus connected) topological space.

Proof. The desired topological space can be obtained as a space with the closed
extension topology for the case when its carrier differs from the one of the starting
topological space by one point.

The next fact follows directly from propositions 2 and 3.

Theorem 3. Let 7* be the closed extension topology of a space X to X*. The
topological space X* is first countable if and only if the space X 1is first countable.
The space X* is second countable if and only if the space X is second countable and
the complement X*\ X is at most countable.
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Theorem 4. Let 7* be the closed extension topology of a space X to X*. The
topological space X* is Lindeldf (compact) if and only if the space X is Lindeldf
(compact).

Proof. 1f X* is Lindelof (compact), then X is Lindel6f (compact) as closed
subspace of X* by Theorem 1. Conversely, let {V,,a € T} be an open covering
of X* and let 7" = {a € T | V, = (X"\X) U U, for some open set U, of the
space X }. Then the family {U,,a € T’} is an open covering of X. Since X is
Lindel6f (compact), this covering has at most countable (finite) subcovering {U,, o €

T"}. Thus {V,,«a € T"} is at most countable (finite) subcovering of initial covering
{Va, o € T} of the space X*.

Theorem 5. Let 7* be the closed extension topology of a space X to X* and
X* # X. The topological space X* is separable if and only if the complement X*\ X
is at most countable. The set X*\X is at most countable dense set in X* of the
least cardinality.

Proof. The complement X*\ X is the smallest dense set in X* vacuously.

Theorem 6. Let 7 be the closed extension topology of a space X to X* and
X* #£ X. The topological space X* is Ty if and only if the space X is Ty. The space
X* is Ty if and only if every two nonempty closed sets in X intersect (a stronger
condition than T, separation axiom). The space X* is not T; for i = 1,2,3. In
particular, X* is not reqular, normal and metrizable.

Proof. Let X satisty T separation axiom. Then for any two distinct points
x,y € X there is a neighbourhood U of x in X that does not contain y. So
(X*\X)UU is a neighbourhood of x in X* that does not contain y. If z,y € X*
and z € X*\ X, then the neighbourhood {z} of z in X* does not contain y. Thus
X*is Ty. Conversely, if X* satisfy Tj separation axiom, then X is Tj as a subspace
of X*.

If every two nonempty closed sets in X intersect, then the same holds for X*.
So X* is Ty. Conversely, let X* satisfy T, separation axiom and let A and B be
any two disjoint closed sets in X. Then they are closed sets in X* having disjoint
neighbourhoods in X*. But every two open sets in X* with nonempty intersection
with X can not be disjoint. So at least one of the sets A or B is empty.

Finally, X* is not 7} since for any point x € X*\X one point set {z} is not
closed in X*. Also X* is not T3 because any point z € X*\ X and closed set X in
X* does not have disjoint neighbourhoods.
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