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ÐÎÇÂÈÍÅÍÍß ÔÓÍÊÖI� z ln z Â ËÀÍÖÞÃÎÂÈÉ ÄÐIÁ

The problem of expanded function of a complex variable z ln z in a continued fraction is investi-
gated. Expansions functions in the continued fraction Thiele and in regular continued C–fraction
are obtained. The convergence region of expansion is established.

Äîñëiäæóâàëàñÿ çàäà÷à ðîçâèíåííÿ ôóíêöi¨ êîìïëåêñíî¨ çìiííî¨ z ln z â ëàíöþãîâèé äðiá.
Îòðèìàíi ðîçâèíåííÿ ôóíêöi¨ â ëàíöþãîâèé äðiá Òiëå òà â ïðàâèëüíèé ëàíöþãîâèé C�äðiá.
Âñòàíîâëåíà îáëàñòü çáiæíîñòi ðîçâèíåííÿ.

1. Âñòóï. Â ÿêîñòi íàáëèæåííÿ ôóíêöié êîìïëåêñíî¨ çìiííî¨ âèêîðèñòîâóþòü
áàãàòî÷ëåíè [1], äðîáîâî�ðàöiîíàëüíi ôóíêöi¨ [2] àáî àïðîêñèìàöi¨ Ïàäå [3]. Ìî-
æíà òàêîæ íàáëèæàòè ôóíêöi¨ ëàíöþãîâèìè äðîáàìè [4�6]. Ðîçâèíåííÿ ôóí-
êöié â ëàíöþãîâèé äðiá ìà¹ êðiì òåîðåòè÷íîãî ùå i âàæëèâå ïðàêòè÷íå çíà÷å-
ííÿ, îñêiëüêè ðîçâèíåííÿ ôóíêöié â ëàíöþãîâi äðîáè ïîðÿä iç iíøèìè íàáëè-
æåííÿìè âèêîðèñòîâóþòüñÿ ïðè îá÷èñëåíi çíà÷åíü ôóíêöié [7, 8].

Çàäà÷à ðîçâèíåííÿ ôóíêöié äiéñíî¨ çìiííî¨ â ëàíöþãîâèé äðiá Òiëå äîñëi-
äæóâàëàñÿ â ðîáîòàõ [9�11]. Â äàíi ðîáîòi ðîçãëÿäà¹òüñÿ çàäà÷à ðîçâèíåííÿ
ôóíêöié êîìïëåêñíî¨ çìiííî¨ â ëàíöþãîâèé äðiá Òiëå òà åêâiâàëåíòíèé éîìó
ïðàâèëüíèé ëàíöþãîâèé C�äðiá. Çîêðåìà îòðèìàíî ðîçâèíåííÿ ôóíêöi¨ z ln z
òà âñòàíîâëåíà îáëàñòü çáiæíîñòi îòðèìàíîãî ðîçâèíåííÿ.
2. Ðîçâèíåííÿ ôóíêöié â ëàíöþãîâi äðîáè. Íåõàé ôóíêöiÿ êîìïëåêñíî¨
çìiííî¨ f(z) âèçíà÷åíà íà äåÿêîìó êîìïàêòi Z ⊂ C. Áóäåìî ðîçãëÿäàòè ðîçâè-
íåííÿ ôóíêöi¨ f(z) â îêîëi òî÷êè z∗ ∈ Z â ëàíöþãîâèé äðiá Òiëå [12]

T (z) = b0 +
z − z∗
b1 +

z − z∗
b2 + · · ·+

z − z∗
bn + · · ·

= b0 +
∞

K
k=1

z − z∗
bk

,

òà ïðàâèëüíèé ëàíöþãîâèé C�äðiá [13]

C(z) = a0+
a1(z − z∗)

1 +

a2(z − z∗)

1 + · · ·+
an(z − z∗)

1 + · · ·
= a0+

∞

K
k=1

ak(z − z∗)

1
,

äå z∗, ak, bk ∈ C, k = 0, 1, . . . .
Ñêií÷åíi ëàíöþãîâi äðîáè

Tn(z) = b0 +
n

K
k=1

z − z∗
bk

, Cn(z) = a0 +
n

K
k=1

ak(z − z∗)

1

íàçèâàþòü n�ìè ïiäõiäíèìè äðîáàìè (n�ìè íàáëèæåííÿìè) âiäïîâiäíèõ ëàí-
öþãîâèõ äðîáiâ.

Ðîçâèíåííÿ ôóíêöié â ëàíöþãîâi äðîáè øóêàþòü îäíèì iç íàñòóïíèõ ñïîñî-
áiâ. Òàê äëÿ ôóíêöié (1 + z)α, α ∈ C, ln(1 + z), ez, tg z ðîçâèíåííÿ â ëàíöþãîâèé
äðiá â îêîëi íóëÿ, ÿêi áóëè îòðèìàíi Ëàãðàíæåì, Îéëåðîì, Ëàìáåðòîì, ïîâ'ÿçà-
íi ç âiäøóêàííÿì ðîçâ'ÿçêó äèôåðåíöiàëüíîãî ðiâíÿííÿ Ðiêêàòi ç âiäïîâiäíèìè
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êîåôiöi¹íòàìè [4,14,15]. Âèõîäÿ÷è ç ïîäàííÿ ôóíêöi¨ ãiïåðãåîìåòðè÷íèì ðÿäîì
îòðèìóþòüñÿ ðîçâèíåííÿ ôóíêöi¨ â ëàíöþãîâèé äðiá Ãàóññà [5, 7, 13].

Ðîçâèíåííÿ ôóíêöi¨ â îêîëi íóëÿ â ïðàâèëüíèé ëàíöþãîâèé C�äðiá ïîâ'ÿçàíå
ç ïîíÿòòÿì âiäïîâiäíîñòi ëàíöþãîâîãî äðîáó ôîðìàëüíîìó ðÿäó Ëîðàíà.

Îçíà÷åííÿ 1 ( [1]). Ôîðìàëüíèì ðÿäîì Ëîðàíà (ÔÐË ) íàçèâàþòü ïîñëi-
äîâíiñòü êîìïëåêñíèõ ÷èñåë {cn | cn ∈ C, n ∈ Z}, ÿêà çàïèñàíà ó âèãëÿäi

∞∑
n=−∞

cnz
n , (1)

äå âñi êîåôiöi¹íòè cn ç âiä'¹ìíèìè iíäåêñàìè êðiì ñêií÷åíîãî ÷èñëà ðiâíi íóëþ.

Ç îçíà÷åííÿ âèïëèâà¹, ùî ÔÐË L ìîæå áóòè ïîäàíèé ó âèãëÿäi

L = cmz
m + cm+1z

m+1 + cm+2z
m+2 + · · · , cm ̸= 0.

Î÷åâèäíî, ùî ÿêùî m > 0, òî ÔÐË áóäå ôîðìàëüíèì ñòåïåíåâèì ðÿäîì (ÔÑÐ).
Ôîðìàëüíi ðÿäè Ëîðàíà âèãëÿäó (1) íàä ïîëåì C ñàìi óòâîðþþòü ïîëå L0 �
ïîëå ôîðìàëüíèõ ðÿäiâ Ëîðàíà [1, ñ.53], [16, ñ.23].

Äëÿ êîæíîãî ÔÐË L ∈ L0 ìîæíà âèçíà÷èòè

λ(L) =

{
m, L(z) =

∑∞
k=m ckzk, cm ̸= 0,

∞, L(z) = 0.

Íåõàé f(z)�ôóíêöiÿ, ÿêà ìåðîìîðôíà â ïî÷àòêó êîîðäèíàò, òîáòî â äåÿêî-
ìó âiäêðèòîìó êðóçi, ÿêèé ìiñòèòü ïî÷àòîê êîîðäèíàò. Ðîçâèíåííÿ ôóíêöi¨ f(z)
â ðÿä Ëîðàíà ïîçíà÷èìî L(f(z)).

Îçíà÷åííÿ 2. Ãîâîðÿòü, ùî ïîñëiäîâíiñòü ìåðîìîðôíèõ â ïî÷àòêó êîîð-
äèíàò ôóíêöié {Rn(z)} âiäïîâiäíà ÔÐË L, ÿêùî limn→∞ λ(L− L(Rn(z))) = ∞.

Îñêiëüêè âñÿêà ìåðîìîðôíà â ïî÷àòêó êîîðäèíàò ôóíêöiÿ f(z) ìà¹ ¹äèíå
ðîçâèíåííÿ ó ÔÐË, òî âçà¹ìíî�îäíîçíà÷íå âiäîáðàæåííÿ L áóäå âêëàäåííÿì
ïîëÿ M âñiõ ìåðîìîðôíèõ â ïî÷àòêó êîîðäèíàò ôóíêöié â ïîëå L0. Ïîðÿäîê
âiäïîâiäíîñòi Rn(z)ÔÐË L âèçíà÷à¹òüñÿ íàñòóïíèì ÷èíîì νn = λ(L−L(Rn(z))).

Îçíà÷åííÿ 3. Ëàíöþãîâèé äðiá K(an(z)/bn(z)) íàçèâà¹òüñÿ âiäïîâiäíèì
ÔÐË L, ÿêùî êîæíèé ïiäõiäíèé äðiá fn(z) ìåðîìîðôíà â ïî÷àòêó êîîðäèíàò
ôóíêöiÿ i ÿêùî ïîñëiäîâíiñòü ïiäõiäíèõ äðîáiâ {fn(z)} âiäïîâiäíà L.

Íåõàé ôóíêöiÿ f(z) âèçíà÷åíà ÔÑÐ

L = 1 +
∞∑
n=1

cnz
n, (2)

i íåõàé

H
(n)
0 = 1, H

(n)
k =

∣∣∣∣∣∣∣∣∣∣∣

cn cn+1 cn+2 . . . cn+k−1

cn+1 cn+2 cn+3 . . . cn+k

cn+2 cn+3 cn+4 . . . cn+k+1
...

...
...

. . .
...

cn+k−1 cn+k cn+k+1 . . . cn+2k−2

∣∣∣∣∣∣∣∣∣∣∣
, k = 1, 2, . . . ,

äå cn = 0, êîëè n < 0, ïîâ'ÿçàííi ç ÔÑÐ (2) âèçíà÷íèêè Ãàíêåëÿ.
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Òåîðåìà 1 ( [13, ñ.220]). (À) ßêùî äëÿ çàäàíîãî ÔÑÐ (2) iñíó¹ ïðàâèëüíèé
ëàíöþãîâèé C�äðiá

1 +
∞

K
n=1

anz

1
, an ̸= 0, (3)

ÿêèé âiäïîâiäíèé L (â òî÷öi z = 0), òî

H
(1)
k ̸= 0, H

(2)
k ̸= 0, k = 1, 2, . . . , (4)

i

a1 = H
(1)
1 , a2m = −

H
(1)
m−1H

(2)
m

H
(1)
m H

(2)
m−1

, a2m+1 = −
H

(1)
m+1H

(2)
m−1

H
(1)
m H

(2)
m

, m = 1, 2, . . . . (5)

(Á) ßêùî ñïiââiäíîøåííÿ (4) ìà¹ ìiñöå, òî ïðàâèëüíèé ëàíöþãîâèé C�äðiá (3),
êîåôiöi¹íòè ÿêîãî âèçíà÷àþòüñÿ çà äîïîìîãîþ (5) áóäå âiäïîâiäíèì ÔÑÐ (2).

Òåîðåìà 2 ( [13, ñ.184]). Íåõàé 1 +K(anz/1)�ïðàâèëüíèé ëàíöþãîâèé C�
äðiá, òàêèé, ùî limn→∞ an = a ̸= 0, äå a êîìïëåêñíà êîíñòàíòà, êðiì òîãî
Ra = {z : | arg(az + 1/4)| < π}. Òîäi

(A) Ëàíöþãîâèé äðiá çáiãà¹òüñÿ äî ôóíêöi¨ f(z), ÿêà ìåðîìîðôíà â Ra;
(Á) çáiæíiñòü áóäå ðiâíîìiðíà íà êîæíié êîìïàêòíié ïiäìíîæèíi K iç

Ra, ÿêà íå ìiñòèòü ïîëþñiâ f(z);
(Â) ôóíêöiÿ f(z) ãîëîìîðôíà â òî÷öi z = 0.

Òåîðåìà 3 ( [13, ñ.182]). Íåõàé {fn(z)}�ïîñëiäîâíiñòü ìåðîìîðôíèõ â
ïî÷àòêó êîîðäèíàò ôóíêöié, ÿêà âiäïîâiäíà ôîðìàëüíîìó ñòåïåíåâîìó ðÿäó
L = c0 + c1z + . . . + cnz

n + . . . , i íåõàé D� îáëàñòü, ÿêà ìiñòèòü ïî÷àòîê
êîîðäèíàò. Òîäi

(À) {fn(z)} çáiãà¹òüñÿ ðiâíîìiðíî íà êîæíié êîìïàêòíié ïiäìíîæèíi ç D
òîäi i òiëüêè òîäi, êîëè {fn(z)} ðiâíîìiðíî îáìåæåíà íà êîæíié òàêié
ïiäìíîæèíi;

(Á) ÿêùî {fn(z)} çáiãà¹òüñÿ ðiâíîìiðíî íà êîæíié êîìïàêòíié ïiäìíîæèíi
iç D, òî ôóíêöiÿ f(z) = lim

n→∞
fn(z) áóäå ãîëîìîðôíîþ íà D, à L = L(f)

áóäå ðÿäîì Òåéëîðà äëÿ f(z) â òî÷öi z = 0.

3. Ôîðìóëà Òiëå. Ôîðìóëà Òiëå � àíàëîã ôîðìóëè Òåéëîðà â òåîði¨ ëàíöþãî-
âèõ äðîáiâ [12]. Íåõàé (n)f(z)� îáåðíåíà ïîõiäíà Òiëå n�ãî ïîðÿäêó, n = 0, 1, . . . ,
ôóíêöi¨ f(z). Îáåðíåíi ïîõiäíi Òiëå îá÷èñëþþòü çà ðåêóðåíòíèì ñïiââiäíîøåí-
íÿì [12, c.138�139]

(0)f(z) = f(z), (1)f(z) = 8f(z) = 1/f ′(z), (6a)
(n)f(z) = k 8((n−1)f(z)

)
+ (n−2)f(z), n = 2, 3, . . . . (6b)

Çàóâàæåííÿ 1. Iç (6b) áåçïîñåðåäíüî âèïëèâà¹, ùî (n)f(z) ̸= 8((n−1)f(z)) ïðè
n = 2, 3, . . . , à âèêîíó¹òüñÿ ñïiââiäíîøåííÿ 8((n−1)f(z)

)
= ((n)f(z)− (n−2)f(z))/n.
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ßêùî ïðèïóñòèòè, ùî â äåÿêîìó îêîëi òî÷êè z = z∗ ôóíêöiÿ f(z) ìà¹ íå-
ñêií÷åíó êiëüêiñòü îáåðíåíèõ ïîõiäíèõ Òiëå, òî îòðèìà¹ìî ðîçâèíåííÿ ôóíêöi¨
ó ôîðìàëüíèé ëàíöþãîâèé äðiá Òiëå (ÔËÄÒ)

f(z) = b0 +
∞

K
n=1

z − z∗
bn

, (7)

äå

b0 = f(z∗), b1 =
8f(z∗), bn = n· 8

(
(n−1)f(z∗)

)
= (n)f(z)−(n−2)f(z), n = 2, 3, . . . . (8)

Àíàëîãi÷íî, ÿê i ó âèïàäêó ôóíêöi¨ äiéñíî¨ çìiííî¨ [11], äîâîäÿòüñÿ íàñòóïíi
òâåðäæåííÿ.

Òåîðåìà 4. Íåõàé äëÿ z ∈ Z iñíóþòü ñêií÷åíi òà âiäìiííi âiä íóëÿ îáåðíåíi
ïîõiäíi ôóíêöié u = u(z) òà v = v(z). Òîäi iñíóþòü îáåðíåíi ïîõiäíi ñóìè,
ðiçíèöi, äîáóòêó òà ÷àñòêè öèõ ôóíêöié, ÿêi âèçíà÷àþòüñÿ çà ôîðìóëàìè:

8(u± v) =
8u · 8v
8v ± 8u

, 8(u · v) =
8u · 8v

8u · u+ 8v · v
, 8(u/v) =

v2 · 8u · 8v
8v · v − 8u · u

. (9)

Òåîðåìà 5. ßêùî C = Const, òî ïðè n = 0, 1, 2, . . . , ìàþòü ìiñöå ñïiââiä-
íîøåííÿ

(2n)(Cf(z)) = C · (2n)f(z) , (2n+1)(Cf(z)) = 1
C
· (2n+1)f(z) ,

(2n)(f(z) + C) = (2n)f(z) + C, (2n+1)(f(z) + C) = (2n+1)f(z) . (10)

Òåîðåìà 6. ßêùî äëÿ z ∈ Z ôóíêöi¨ fi(z), i = 1, 2, . . . , n, ìàþòü ñêií÷åíi
âiäìiííi âiä íóëÿ îáåðíåíi ïîõiäíi, òî

8
(

n∑
i=1

fi(z)

)
=

n∏
i=1

8fi(z)

n∑
i=1

n∏
j=1
j ̸=i

8fj(z)
,

8
(

n∏
i=1

fi(z)

)
=

n∏
i=1

8fi(z)

n∑
i=1

n∏
j=1
j ̸=i

8fj(z) fj(z)
. (11)

Çàóâàæåííÿ 2. Iç äðóãî¨ ôîðìóëè (11) âèïëèâà¹, ùî

8(f(z)n) =
8f(z)

n (f(z))n−1
.

Äëÿ òîãî, ùîá ïîäàòè êîåôiöi¹íòè ëàíöþãîâîãî äðîáó Òiëå (7) ÷åðåç âiäíî-
øåííÿ âèçíà÷íèêiâ Ãàíêåëÿ íàì ïîòðiáíi íàñòóïíi òâåðäæåííÿ.

Òåîðåìà 7 (Ôîðìóëà Íüîðëóíäà [17, c.427]). ßêùî ôóíêöiÿ f(z) àíàëiòè-
÷íà â Z ⊂ C, òî îáåðíåíi ïîõiäíi Òiëå ôóíêöi¨ âèçíà÷àþòüñÿ ÷åðåç ïîõiäíi
ôóíêöi¨ ÿê âiäíîøåííÿ âèçíà÷íèêiâ Ãàíêåëÿ íàñòóïíèì ÷èíîì

(2k)f(z) =
H

(0)
k+1

H
(2)
k

, (2k+1)f(z) =
H

(3)
k

H
(1)
k+1

, k = 1, 2, . . . . (12)
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Òåîðåìà 8 (Òîòîæíiñòü ßêîái [1, c.595]). Äëÿ âñiõ öiëèõ n òà k > 1 äëÿ
âèçíà÷íèêiâ Ãàíêåëÿ ìà¹ ìiñöå òîòîæíiñòü ßêîái(

H
(n)
k

)2 −H
(n−1)
k H

(n+1)
k +H

(n−1)
k+1 H

(n+1)
k−1 = 0 . (13)

Òåîðåìà 9. Êîåôiöi¹íòè ëàíöþãîâîãî äðîáó Òiëå (7) âèçíà÷àþòüñÿ ÷åðåç
âèçíà÷íèêè Ãàíêåëÿ íàñòóïíèì ÷èíîì

b2k = −
(
H

(1)
k

)2
H

(2)
k H

(2)
k−1

, b2k+1 =

(
H

(2)
k

)2
H

(1)
k H

(1)
k+1

, k = 1, 2, . . . (14)

Äîâåäåííÿ. Îñêiëüêè b2k = (2k)8
(
(2k−1)f(z)

)
= (2k)f(z)−(2k−2)f(z) , òî ç ïåðøî¨

ôîðìóëè (12) òà (13) ìà¹ìî

b2k =
H

(0)
k+1

H
(2)
k

− H
(0)
k

H
(2)
k−1

=
H

(0)
k+1H

(2)
k−1 −H

(0)
k H

(2)
k

H
(2)
k H

(2)
k−1

= −
(
H

(1)
k

)2
H

(2)
k H

(2)
k−1

.

Àíàëîãi÷íî ç äðóãî¨ ôîðìóëè (12) òà (13) îòðèìó¹ìî

b2k+1 = (2k + 1)8
(
(2k)f(z)

)
= (2k+1)f(z)− (2k−1)f(z) =

H
(3)
k

H
(1)
k+1

−
H

(0)
k−1

H
(1)
k

=

(
H

(2)
k

)2
H

(1)
k H

(1)
k+1

.

Çàóâàæåííÿ 3. Ôîðìóëè (14) iíøèì, áiëüø äîâøèì øëÿõîì ó âèïàäêó
ôóíêöi¨ äiéñíî¨ çìiííî¨ áåç âèêîðèñòàííÿ òîòîæíîñòi ßêîái (13) áóëè äîâå-
äåíi â [17, c.428�429].

4. Ðîçâèíåííÿ ôóíêöi¨ z ln z â ëàíöþãîâèé äðiá Òiëå. Ðîçãëÿíåìî ðîçâè-
íåííÿ ôóíêöi¨ z ln z â ëàíöþãîâèé äðiá.

Òåîðåìà 10. (A) Ôóíêöiÿ w = z ln z ìà¹ îáåðíåíi ïîõiäíi Òiëå äîâiëüíîãî
ïîðÿäêó, ÿêi âèçíà÷àþòüñÿ çãiäíî iç ôîðìóëàìè

(0)(z ln z) = z ln z, (1)(z ln z) =
1

ln z + 1
, (15a)

(2)(z ln z) = −z(2 ln2 z + 3 ln z + 2), (3)(z ln z) =
1

ln z + 5/2
, (15b)

(2n)(z ln z) = −z
(
n(n+ 1) ln2 z + αn ln z +

α2
n + 4n4 + 8n3 − 4n− 1

4n(n+ 1)

)
, (15c)

(2n+1)(z ln z) = 1
/(

ln z +
αn + 2(n+ 1)2 − 1

2n(n+ 1)

)
, n = 2, 3, . . . , (15d)

äå

α1 = 3, αn =
(n+ 1)αn−1 + 2(2n2 − 1)

n− 1
, n = 2, 3, . . . . (16)

(B) Êîåôiöi¹íòè ðîçâèíåííÿ ôóíêöi¨ â îêîëi òî÷êè z = z∗ â ëàíöþãîâèé äðiá
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Òiëå ðiâíi

b0 = z∗ ln z∗, b1 =
1

ln z∗ + 1
, (17a)

b2 = −2z∗(ln z∗ + 1)2, b3 =
−3/2

(ln z∗ + 5/2)(ln z∗ + 1)
, (17b)

b2n = −2n z∗
(
ln z∗ + an−1

)2
, (17c)

b2n+1 =
−(2n+ 1)

n(n+ 1)
(
ln z∗ + an

)(
ln z∗ + an−1

) , n = 2, 3, . . . , (17d)

äå

a0 = 1, an =
αn + 2(n+ 1)2 − 1

2n(n+ 1)
, n = 1, 2, . . . . (18)

Äîâåäåííÿ. (A) Ç (6a)�(6b) áåçïîñåðåäíüî âèïëèâàþòü (15a)�(15b). Çðîáè-
ìî ïðèïóùåííÿ, ùî (15c),(15d) òà (16) âèêîíóþòüñÿ ïðè n = k − 1. Òîäi ïðè
n = k îòðèìó¹ìî

(2k)w = 2k
8(
1
/(

ln z +
αk−1 + 2k2 − 1

2(k − 1)k

))
− z
(
(k − 1)k ln2 z + αk−1 ln z +

(
α2
k−1+

+4(k−1)4+8(k−1)3−4(k−1)−1
)
/4(k − 1)k

)
= −2kz

(
ln z+

αk−1 + 2k2 − 1

2(k − 1)k

)2

−

−z
(
(k − 1)k ln2 z + αk−1 ln z +

α2
k−1 + 4(k − 1)4 + 8(k − 1)3 − 4(k − 1)− 1

4(k − 1)k

)
=

= −z
(
k(k + 1) ln2 z +

(
(k + 1)αk−1 + 2(2k2 − 1)

)
ln z

k − 1
+

2(αk−1 + 2k2 − 1)2

4k(k − 1)2
+

+
αk−1 + 4k4−8k3+4k−1

4k(k − 1)

)
= −z

(
k(k + 1) ln2 z +

(k + 1)αk−1 + 2(2k2 − 1)

k − 1
ln z+

+
(k + 1)α2

k−1 + 4(2k2 − 1)αk−1 + 2(2k2 − 1)2 + (k − 1)(4k4 − 8k3 + 4k − 1)

4k(k − 1)2

)
=

= −z

(
k(k+1) ln2 z +

(k+1)αk−1 + 2(2k2−1)

k − 1
ln z +

(k+1)α2
k−1 + 4(2k2−1)αk−1

4k(k−1)2
+

+
4k5−4k4+8k3−4k2−5k+3

4k(k − 1)2

)
=−z

(
k(k+1) ln2 z +

(k+1)αk−1 + 2(2k2−1)

k − 1
ln z+

+
(k + 1)2α2

k−1 + 4(2k2 − 1)(k + 1)αk−1 + 4k6 + 4k4 + 4k3 − 9k2 − 2k + 3

4k(k + 1)(k − 1)2
=

= −z
(
k(k+1) ln2 z+

(k + 1)αk−1 + 2(2k2 − 1)

k − 1
ln z+

((k + 1)αk−1 + 2(2k2 − 1))2

4k(k + 1)(k − 1)2
+

+
(k−1)2(4k4+8k3−4k−1)

4k(k+1)(k−1)2

)
= −z

(
k(k+1) ln2 z +

(k+1)αk−1 + 2(2k2−1)

k − 1
ln z+

Íàóê. âiñíèê Óæãîðîä óí-òó, 2015, âèï. �2 (27)



ÐÎÇÂÈÍÅÍÍß ÔÓÍÊÖI� z ln z Â ËÀÍÖÞÃÎÂÈÉ ÄÐIÁ 129

+

(
(k+1)αk−1+2(2k2−1)

(k−1)

)2
+ 4k4 + 8k3 − 4k − 1

4k(k + 1)

)
=

= −z
(
k(k + 1) ln2 z + αk ln z +

α2
k + 4k4 + 8k3 − 4k − 1

4k(k + 1)

)
,

äå

αk =
(k + 1)αk−1 + 2(2k2 − 1)

(k − 1)
. (19)

Îòæå, (15c) ìà¹ ìiñöå.
Àíàëîãi÷íî ìà¹ìî, ùî

(2k+1)w = (2k + 1)
8(− z

(
k(k + 1) ln2 z + αk ln z + ck

))
+

1

ln z + αk−1+2k2−1

2(k−1)k

,

äå ck = (α2
k + 4k4 + 8k3 − 4k − 1)/4k(k + 1).

Çãiäíî iç (9)

(2k+1)w = −(2k + 1)
(
8z · 8

(
k(k + 1) ln2 z + αk ln z + ck

))/(8z · z + 8(k(k + 1) ln2 z+

+αk ln z + ck
)(
k(k + 1) ln2 z + αk ln z + ck

))
+

1

ln z + αk−1+2k2−1

2(k−1)k

.

Ç (9), (10) òà (11) ìà¹ìî, ùî

8(k(k + 1) ln2 z + αk ln z + ck
)
=

8(k(k+1) ln2 z) · 8(αk ln z+ck)
8(k(k+1) ln2 z)+ 8(αk ln z+ck)

=
z

αk+2k(k+1) ln z
.

Òîäi

(2k+1)w =

−(2k+1)z
αk+2k(k+1) ln z

z +
(
k(k + 1) ln2 z + αk ln z + ck

)
z

αk+2k(k+1) ln z

+
1

ln z + αk−1+2k2−1

2(k−1)k

=

=
−(2k + 1)

k(k + 1) ln2 z + (αk + 2k(k + 1)) ln z + αk + ck
+

1

ln z + αk−1+2k2−1

2(k−1)k

.

Ç (19) ìà¹ìî, ùî αk−1 = ((k − 1)αk − 2(2k2 − 1))/(k + 1). À òîäi

(2k+1)w =
−(2k + 1)

k(k + 1) ln2 z + (αk + 2k(k + 1)) ln z + αk +
α2
k+4k4+8k3−4k−1

4k(k+1)

+

+
1

ln z + αk+2k2−1
2(k+1)k

= −4k(k+1)(2k+1)
/(

4k2(k+1)2 ln2 z+4k(k+1)(αk+2k(k+1))×

× ln z + 4k(k + 1)αk + α2
k + 4k4 + 8k3 − 4k − 1

)
+

2(k + 1)k

2(k + 1)k ln z + αk + 2k2 − 1
.

Îñêiëüêè

4k2(k + 1)2 ln2 z + 4k(k + 1)(αk + 2k(k + 1)) ln z + 4k(k + 1)αk + α2
k + 4k4 + 8k3−
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−4k − 1 =
(
2k(k + 1) ln z + αk + 2k2 − 1

) (
2k(k + 1) ln z + αk + 2k2 + 4k + 1

)
,

òî

(2k+1)w =
−4k(k + 1)(2k + 1)

(2k(k + 1) ln z + αk + 2k2 − 1)(2k(k + 1) ln z + αk + 2k2 + 4k + 1)
+

+
2(k + 1)k

2(k + 1)k ln z + αk + 2k2 − 1
=

2(k + 1)k

2(k + 1)k ln z + αk + 2k2 + 4k + 1
=

=
1

ln z + αk+2(k+1)2−1
2k(k+1)

.

Ôîðìóëà (15d) âèêîíó¹òüñÿ ïðè n = k.
(B) Ôîðìóëè (17a)�(17b) áåçïîñåðåäíüî âèïëèâàþòü ç (15a)�(15b). Ç (15c)

ìà¹ìî

b2n = (2n)w− (2n−2)w = −z∗
(
n(n+ 1) ln2 z∗ + αn ln z∗ +

α2
n + 4n4 + 8n3 − 4n− 1

4n(n+ 1)

)
+

+z∗

(
(n− 1)n ln2 z∗ + αn−1 ln z∗ +

α2
n−1 + 4(n− 1)4 + 8(n− 1)3 − 4(n− 1)− 1

4(n− 1)n

)
=

= −z∗(2n ln2 z∗ + ᾱn ln z∗ + β̄n),

äå ᾱn = αn−αn−1, β̄n = α2
n+4n4+8n3−4n−1

4n(n+1)
−α2

n−1+4n4−8n3+4n−1

4(n−1)n
. Çãiäíî ç (16) ìîæíà

çàïèñàòè ᾱn òà β̄n íàñòóïíèì ÷èíîì

ᾱn =
(n+ 1)αn−1 + 2(2n2 − 1)

n− 1
− αn−1 = 4n

αn−1 + 2n2 − 1

2n(n− 1)
,

β̄n =

((n+1)αn−1+2(2n2−1))2

(n−1)2
+ 4n4 + 8n3 − 4n− 1

4n(n+ 1)
−
α2
n−1 + 4n4 − 8n3 + 4n− 1

4(n− 1)n
=

=
1

4n(n+ 1)(n− 1)2

((
(n+ 1)αn−1 + 2(2n2 − 1)

)2
+ (n− 1)2(4n4 + 8n3 − 4n− 1)−

−(n2 − 1)(α2
n−1 + 4n4 − 8n3 + 4n− 1)

)
=

1

4n(n+ 1)(n− 1)2

(
2(n+ 1)α2

n−1+

+4(n+ 1)(2n2 − 1)αn−1 + 2(n+ 1)(2n2 − 1)2
)
= 2n

(
αn−1 + 2n2 − 1

2(n− 1)n

)2

.

Òîäi b2n = −2nz∗

(
ln z∗ +

αn−1+2n2−1
2n(n−1)

)2

= −2nz∗
(
ln z∗ + an−1

)2
. Ôîðìóëà (17c)

âèêîíó¹òüñÿ.
Àíàëîãi÷íî ç (15d) âèïëèâà¹

b2n+1 =
(2n+1)w − (2n−1)w =

1

ln z∗ +
αn+2(n+1)2−1

2n(n+1)

− 1

ln z∗ +
αn−1+2n2−1

2(n−1)n

=

=
−γ̄n(

ln z∗ +
αn+2(n+1)2−1

2n(n+1)

)(
ln z∗ +

αn−1+2n2−1
2(n−1)n

) ,
Íàóê. âiñíèê Óæãîðîä óí-òó, 2015, âèï. �2 (27)



ÐÎÇÂÈÍÅÍÍß ÔÓÍÊÖI� z ln z Â ËÀÍÖÞÃÎÂÈÉ ÄÐIÁ 131

γ̄n =
αn + 2(n+ 1)2 − 1

2n(n+ 1)
− αn−1 + 2n2 − 1

2(n− 1)n
.

Ïiäñòàâèìî çíà÷åííÿ αn ç (16), ìà¹ìî

γ̄n =

(n+1)αn−1+2(2n2−1)
n−1

+ 2(n+ 1)2 − 1

2n(n+ 1)
− αn−1 + 2n2 − 1

2(n− 1)n
=

2n+ 1

n(n+ 1)
.

Êiíöåâå îòðèìó¹ìî b2n+1 = −(2n+ 1)/n(n+ 1)
(
ln z∗ + an

)(
ln z∗ + an−1

)
. Ôîð-

ìóëà (17d) âèêîíó¹òüñÿ.
Iç òåîðåìè âèïëèâà¹, ùî â îêîëi òî÷êè z∗ ̸= 0 ðîçâèíåííÿ ôóíêöi¨ z ln z â

ëàíöþãîâèé äðiá Òiëå ïiñëÿ åêâiâàëåíòíèõ ïåðåòâîðåíü ìà¹ âèãëÿä

z ln z=z∗ ln z∗ +
(z−z∗)(ln z∗+1)

1 +

z−z∗
−2z∗(ln z∗+1) +

(z−z∗)(ln z∗+5/2)

−3/2 +

+

(z−z∗)(ln z∗+1)

−4z∗(ln z∗+5/2) +

(z − z∗)(ln z∗ + 10/3)

−5/6 + · · ·+
(z − z∗)(ln z∗ + an−1)

−(2n− 1)/(n− 1)n +

+

(z − z∗)(ln z∗ + an−2)

−2nz∗(ln z∗ + an−1) +

(z − z∗)(ln z∗ + an)

−(2n+ 1)/n(n+ 1) +

(z − z∗)(ln z∗ + an−1)

−2(n+ 1)z∗(ln z∗ + an) + · · ·
.

Â îêîëi òî÷êè z∗ = 1 ìà¹ìî ðîçâèíåííÿ

z ln z =
z − 1

1 +

z − 1

−2 +

5/2(z − 1)

−3/2 +

z − 1

−10 +

10/3(z − 1)

−5/6 +

5/2(z − 1)

−20 + · · ·+

+

an−1(z − 1)

−(2n− 1)/(n− 1)n+

an−2(z − 1)

−2nan−1 +

an(z − 1)

−(2n+ 1)/n(n+1) +

an−1(z − 1)

−2(n+1)an + · · ·
.

5. Ðîçâèíåííÿ ôóíêöi¨ z ln z â ïðàâèëüíèé ëàíöþãîâèé C�äðiá. Ñïî÷à-
òêó äîâåäåìî îäíå äîïîìiæíå òâåðäæåííÿ.

Òåîðåìà 11. ßêùî êîåôiöi¹íòè ÔÑÐ

L = c0 +
∞∑
n=1

cn(z − z∗)
n, (20)

òàêi, ùî

c0 ̸= 0, H
(1)
k ̸= 0, H

(2)
k ̸= 0, k = 1, 2, . . . , (21)

äå H
(n)
k � âèçíà÷íèê Ãàíêåëÿ óòâîðåíèé ç êîåôiöi¹íòiâ ÔÑÐ L, òî ïðàâèëüíèé

ëàíöþãîâèé C�äðiá

C = a0 +
∞

K
n=1

an(z − z∗)

1

áóäå âiäïîâiäíèì â òî÷öi z∗ ̸= 0 ÔÑÐ (20), äå

a0 = c0, a1 = c1, a2k = −
H

(1)
k−1H

(2)
k

H
(1)
k H

(2)
k−1

, a2k+1 = −
H

(1)
k+1H

(2)
k−1

H
(1)
k H

(2)
k

, k = 1, 2, . . . . (22)
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Äîâåäåííÿ. Çàïèøåìî ÔÑÐ L íàñòóïíèì ÷èíîì

L = c0 L̃ = c0

(
1 +

∞∑
n=1

c̃nz̃
n
)
, c̃n =

cn
c0
, n = 1, 2, . . . , z̃ = z − z∗.

Çà ïðèïóùåííÿì c0 ̸= 0, H
(1)
k ̸= 0, H

(2)
k ̸= 0, òî çãiäíî iç òåîðåìîþ 1 ïðàâèëüíèé

ëàíöþãîâèé C�äðiá

C̃ = 1 +
∞

K
n=1

ãnz̃

1
,

êîåôiöi¹íòè ÿêîãî ðiâíi

ã1 = H̃
(1)
1 , ã2k = −

H̃
(1)
k−1H̃

(2)
k

H̃
(1)
k H̃

(2)
k−1

, ã2k+1 = −
H̃

(1)
k+1H̃

(2)
k−1

H̃
(1)
k H̃

(2)
k

,

äå

H̃
(n)
0 = 1, H̃

(n)
k =

∣∣∣∣∣∣∣∣∣
c̃n c̃n+1 · · · c̃n+k−1

c̃n+1 c̃n+2 · · · c̃n+k
...

...
. . .

...
c̃n+k−1 c̃n+k · · · c̃n+2k−2

∣∣∣∣∣∣∣∣∣ , k = 1, 2, 3, . . . ,

áóäå âiäïîâiäíèé ÔÑÐ L̃. Âðàõóâàâøè, ùî H̃(n)
s = H

(n)
s /(c0)

s êiíöåâå ìà¹ìî

ã1 =
H

(1)
1

c0
=
a1
c0
, ã2k = −

H
(1)
k−1H

(2)
k

H
(1)
k H

(2)
k−1

= a2k, ã2k+1 = −
H

(1)
k+1H

(2)
k−1

H
(1)
k H

(2)
k

= a2k+1.

Íåõàé

f(z) = b0 +
∞

K
n=1

z − z∗
bn

(23)

ôîðìàëüíå ðîçâèíåííÿ ôóíêöi¨ f(z) â îêîëi òî÷êè z = z∗ â ëàíöþãîâèé äðiá çà
ôîðìóëîþ Òiëå (7). Çàïèøåìî ëàíöþãîâèé äðiá (23) ó âèãëÿäi åêâiâàëåíòíîãî
ëàíöþãîâîãî äðîáó ç ÷àñòèííèìè çíàìåííèêàìè ðiâíèìè îäèíèöi

f(z) = ω0 +
∞

K
n=1

ωn(z − z∗)

1
, (24)

äå

ω0 = b0, ω1 =
1

b1
, ωn =

1

bn−1bn
, n = 2, 3, . . . . (25)

Ç iíøîãî áîêó, ÿêùî ôóíêöiÿ f(z) â äåÿêîìó îêîëi òî÷êè z = z∗ ðîçâèíóòà
â ÔÑÐ

f(z) =
∞∑
n=0

cn(z − z∗)
n, äå cn =

f (n)(z∗)

n!
, (26)

òî iñíó¹ âiäïîâiäíèé ïðàâèëüíèé ëàíöþãîâèé C�äðiá, ùî

f(z) = a0 +
∞

K
n=1

an(z − z∗)

1
, (27)

äå êîåôiöi¹íòè an âèçíà÷àþòüñÿ çà (22).
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Òåîðåìà 12. Êîåôiöi¹íòè ëàíöþãîâèõ äðîáiâ (24) òà (27) ðiâíi ìiæ ñîáîþ,
òîáòî an = ωn, n = 0, 1, . . . .

Äîâåäåííÿ. Î÷åâèäíî, ùî a0 = ω0, a1 = ω1. Âèçíà÷èìî êîåôiöi¹íòè ωn

ëàíöþãîâîãî äðîáó (24) ÷åðåç âèçíà÷íèêè Ãàíêåëÿ. Iç (14) òà (25) ìà¹ìî

ω2k = −
H

(2)
k H

(2)
k−1H

(1)
k−1H

(1)
k(

H
(1)
k

)2(
H

(2)
k−1

)2 = −
H

(2)
k H

(1)
k−1

H
(1)
k H

(2)
k−1

= a2k ,

ω2k+1 = −
H

(1)
k H

(2)
k+1H

(2)
k−1H

(2)
k(

H
(1)
k

)2(
H

(2)
k

)2 = −
H

(2)
k−1H

(1)
k+1

H
(1)
k H

(2)
k

= a2k+1 , k = 1, 2, . . . .

Iç äîâåäåíî¨ òåîðåìè âèïëèâàþòü íàñòóïíi âàæëèâi âèñíîâêè.

Íàñëiäîê 1. Âiäïîâiäíèé ïðàâèëüíèé ëàíöþãîâèé C�äðiá (27) i ëàíöþãîâèé
äðiá (24) åêâiâàëåíòíi.

Íàñëiäîê 2. Ðîçâèíåííÿ â ëàíöþãîâèé äðiá Òiëå (7) ôóíêöi¨ f(z) ¹ âiäïî-
âiäíèì â òî÷öi z = z∗ ðîçâèíåííþ ó ÔÑÐ (26) öi¹¨ ôóíêöi¨ òîäi i òiëüêè òîäi,
êîëè äëÿ âèçíà÷íèêiâ Ãàíêåëÿ âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

c0 ̸= 0, H
(1)
k ̸= 0, H

(2)
k ̸= 0, k = 1, 2, . . . .

Çàóâàæåííÿ 4. Â [18, ñ.249] ïîêàçàíî, ùî iíòåðïîëÿöiéíèé ëàíöþãîâèé
äðiá Òiëå

Dn(z) = b0 +
n

K
k=1

z − zk−1

bk
,

äå zk, k = 0, 1, . . . , n,� iíòåðïîëÿöiéíi âóçëè, bk, k = 0, 1, . . . , n,� êîåôiöi¹íòè
ëàíöþãîâîãî äðîáó, ÿêi ïîáóäîâàíi çà çíà÷åííÿìè ôóíêöi¨ f(z) â iíòåðïîëÿöié-
íèõ âóçëàõ, íå áóäå âiäïîâiäíèì ñòåïåíåâîìó ðÿäó, â òîé æå ÷àñ ãðàíè÷íèé
âèïàäîê òàêîãî iíòåðïîëÿöiéíîãî ëàíöþãîâîãî äðîáó, òîáòî âèïàäîê, êîëè âñi
âóçëè iíòåðïîëÿöi¨ z0, z1, . . . , zn ïðÿìóþòü äî îäíîãî i òîãî æ çíà÷åííÿ z∗ äà¹
ôîðìàëüíèé ëàíöþãîâèé äðiá Òiëå, ÿêèé âiäïîâiäíèé ôîðìàëüíîìó ñòåïåíåâî-
ìó ðÿäó â òî÷öi z = z∗.

Âiäïîâiäíèé ÔÑÐ ïðàâèëüíèé ëàíöþãîâèé C�äðiá (21) åêâiâàëåíòíèé ÔËÄÒ
(7). À òîäi êîåôiöi¹íòè ïðàâèëüíîãî ëàíöþãîâîãî C�äðîáó ìîæóòü áóòè çíàéäå-
íi íå ÷åðåç âiäíîøåííÿ ÷îòèðüîõ âèçíà÷íèêiâ Ãàíêåëÿ (5), à ÷åðåç êîåôiöi¹íòè
ÔËÄÒ, òîáòî ÷åðåç îáåðíåíi ïîõiäíi Òiëå íàñòóïíèì ÷èíîì

ω0 = f(z∗), ω1 =
1

8f(z∗)
, ωn =

1

n(n− 1)8
(
(n−1)f(z∗)

)
8
(
(n−2)f(z∗)

) , (28)

êîëè n = 2, 3, . . . . Ôîðìóëè áåçïîñåðåäíüî âèïëèâàþòü ç (8) òà (25).

Òåîðåìà 13. ßêùî ôóíêöiÿ f(z) â äåÿêîìó îêîëi òî÷êè z = z∗ ìà¹ ðîç-
âèíåííÿ â ïðàâèëüíèì ëàíöþãîâèé C�äðiá (24) i limn→∞ ωn = a ̸= 0, a ∈ C,
òî:
(A) Ëàíöþãîâèé äðiá (24) çáiãà¹òüñÿ äî f(z).
(B) Çáiæíiñòü áóäå ðiâíîìiðíîþ íà êîæíîìó êîìïàêòi Z ⊂ Ra(z∗), ÿêèé íå
ìiñòèòü ïîëþñiâ ôóíêöi¨ f(z), äå Ra(z∗) = {z ∈ C : | arg (a(z−z∗)+1/4)| < π}.
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Äîâåäåííÿ. Çðîáèìî ïîçíà÷åííÿ z̄ = z− z∗. Òîäi (24) çàïèøåòüñÿ ó âèãëÿäi

f(z) = ω0

(
1 +

ω1z̄/ω0

1 +

∞

K
n=2

ωnz̄

1

)
.

Ïðàâèëüíèé ëàíöþãîâèé C�äðiá â êðóãëèõ äóæêàõ çáiãà¹òüñÿ i çáiãà¹òüñÿ ðiâ-
íîìiðíî äî ìåðîìîðôíî¨ ôóíêöi¨ f̃(z) íà äîâiëüíîìó êîìïàêòi Z ⊂ Ra, ÿêèé íå
ìiñòèòü ïîëþñiâ ôóíêöi¨ f̃(z) i ôóíêöiÿ f̃(z) ãîëîìîðôíà â òî÷öi z̄ = 0. Òîäi
f̄(z) = ω0 f̃(z− z∗). Çãiäíî iç íàñëiäêîì 1 ëàíöþãîâèé äðiá (24) âiäïîâiäíèé ñòå-
ïåíåâîìó ðÿäó L(f) ôóíêöi¨ f(z) â òî÷öi z∗. Çãiäíî iç òåîðåìîþ 3 L(f) = L(f̄).
Âèõîäÿ÷è iç ¹äèíîñòi ðîçâèíåííÿ ôóíêöi¨ â ñòåïåíåâèé ðÿä Òåéëîðà ìà¹ìî, ùî
f(z) = f̄(z).

Ôóíêöiþ w = z ln z òàêîæ ìîæíà ðîçâèíóòè â ïðàâèëüíèé ëàíöþãîâèé C�
äðiá.

Òåîðåìà 14. (A) Ôóíêöiÿ w = z ln z â îêîëi òî÷êè z = z∗ ìà¹ ðîçâèíåííÿ
â ïðàâèëüíèé ëàíöþãîâèé C�äðiá âèãëÿäó

z ln z = a0 +
∞

K
k=1

ak(z − z∗)

1
, (29)

äå

a0 = z∗ ln z∗, a1 = ln z∗ + 1, a2 =
−1

2z∗(ln z∗ + 1)
, a3 =

3(ln z∗ + 5/2)

4z∗(ln z∗ + 1)
,

a2n =
(n− 1)(ln z∗ + an−2)

2(2n− 1) z∗(ln z∗ + an−1)
, a2n+1 =

(n+ 1)(ln z∗ + an)

2(2n+ 1) z∗(ln z∗ + an−1)
, n = 2, 3, . . .

(B) Ïðàâèëüíèé ëàíöþãîâèé C�äðiá (29) çáiãà¹òüñÿ äî ôóíêöi¨ z ln z äëÿ âñiõ
z, z ̸= 0, z ̸= ∞. Ïðàâèëüíèé ëàíöþãîâèé C�äðiá çáiãà¹òüñÿ ðiâíîìiðíî íà
äîâiëüíîìó êîìïàêòi Z ⊂ R(0, z∗) = {z ∈ C\{0} : | arg(z)− arg(z∗)| < π}.

Äîâåäåííÿ. (A) Iç (17) òà (25) ìà¹ìî, ùî êîåôiöi¹íòè ωk, k = 0, 1, . . . ,
ïðàâèëüíîãî ëàíöþãîâîãî C�äðîáó áóäóòü ðiâíi

ω0 = z∗ ln z∗, ω1 = 1 + ln z∗, ω2 =
−1

2z∗(ln z∗ + 1)
, ω3 =

3(ln z∗ + 5/2)

4(ln z∗ + 1)
,

ω2n =
(n− 1)

(
ln z∗ + an−2

)
2(2n− 1)z∗

(
ln z∗ + an−1

) , ω2n+1 =
(n+ 1)

(
ln z∗ + an

)
2(2n+ 1)z∗

(
ln z∗ + an−1

) , n = 2, 3, . . .

ßêùî ïiäñòàâèòè çíà÷åííÿ an ç (18), òî êiíöåâå îòðèìà¹ìî

ω2n =
(n− 1)

(
ln z∗ +

αn−2+2(n−1)2−1
2(n−2)(n−1)

)
2(2n− 1)z∗

(
ln z∗ +

αn−1+2n2−1
2(n−1)n

) = a2n,

ω2n+1 =
(n+ 1)

(
ln z∗ +

αn+2(n+1)2−1
2n(n+1)

)
(2(2n+ 1)z∗)

(
ln z∗ +

α2n−1+2n2−1
2(n−1)n

) = a2n+1, n = 2, 3, . . .

Ïiäñòàâèâøè çíàéäåíi çíà÷åííÿ â (24) îòðèìà¹ìî (14).
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(B) Ñïî÷àòêó ïîêàæåìî, ùî αn ìîæå áóòè ïîäàíà ó âèãëÿäi

αn = 3n2 + β
(n)
1 n+ β

(n)
0 +

β
(n)
−1

n− 1
+

β
(n)
−2

(n− 2)(n− 1)
+ · · ·+

β
(n)
−n+1

(n− 1)!
, (30)

äå β(n)
i , i = −n+ 1,−n+ 2, . . . , 1,�êîåôiöi¹íòè.
Ç (16) áåçïîñåðåäíüî âèïëèâà¹, ùî äëÿ α1 = 3, α2 = 23 òà α3 = 63 ñïiâ-

âiäíîøåííÿ (30) âèêîíó¹òüñÿ êîëè β(1)
1 = β

(1)
0 = 0, β

(2)
1 = 4, β

(2)
0 = 1, β

(2)
−1 = 2,

β
(3)
1 = 8, β

(3)
0 = β

(n)
−1 = β

(n)
−2 = 6.

Ïðèïóñòèìî, ùî (30) âèêîíó¹òüñÿ ïðè n = k−1. Òîäi ïðè n = k ç (16) ìà¹ìî

αk =
1

k − 1

(
(k+1)

(
3(k−1)2+β

(k−1)
1 (k−1)+β

(k−1)
0 +

β
(k−1)
−1

k − 2
+

β
(k−1)
−2

(k − 3)(k − 2)
+· · ·+

+
β
(k−1)
−(k−2)

(k − 2)!

)
+4k2−2

)
= 3k2+(β

(k−1)
1 +4)k+β

(k−1)
1 +β

(k−1)
0 +1+

2β
(k−1)
0 + β

(k−1)
−1 + 2

k − 1
+

+
3β

(k−1)
−1 + β

(k−1)
−2

(k − 2)(k − 1)
+

4β
(k−1)
−2 + β

(k−1)
−3

(k − 3)(k − 2)(k − 1)
+· · ·+

(k − 1)β
(k−1)
−(k−3 + β

(k−1)
−(k−2)

2 · 3 · · · (k − 2)(k − 1)
+
kβ

(k−1)
−(k−2)

(k − 1)
.

Çâiäñè âèïëèâà¹, ùî αk òàêîæ çàïèñó¹òüñÿ ó âèãëÿäi (30), äå êîåôiöi¹íòè âiäïî-
âiäíî ðiâíi

β
(k)
1 = β

(k−1)
1 + 4, β

(k)
0 = 2β

(k−1)
1 + β

(k−1)
0 + 1, β

(k)
−1 = 2β

(k−1)
0 + β

(k−1)
−1 + 2,

β
(k)
−i = (i+ 1)β

(k−1)
−(i−1) + β

(k−1)
−i , i = 2, 3, . . . , k − 2, β

(k)
−(k−1) = kβ

(k−1)
−(k−2) .

Ñêîðèñòà¹ìîñÿ (30) äëÿ çíàõîäæåííÿ ãðàíèöi ak ïðè k → ∞. Ìà¹ìî

lim
n→∞

a2n = lim
n→∞

n− 1

2n(2n− 1)z∗

ln z∗ + lim
n→∞

αn−2+2(n−1)2−1
2(n−2)(n−1)

ln z∗ + lim
n→∞

αn−1+2n2−1
2(n−1)n

.

Îñêiëüêè

lim
n→∞

αn−2 + 2(n− 1)2 − 1

2(n− 2)(n− 1)
= lim

n→∞

1

2(n− 2)(n− 1)

(
3(n− 2)2 + β

(n−2)
1 (n− 2)+

+β
(n−2)
0 +

β
(n−2)
−1

n− 3
+

β
(n−2)
−2

(n− 4)(n− 3)
+ · · ·+

β
(n−2)
−(n−3)

(n− 3)!
+ 2(n− 1)2 − 1

)
=

5

2
,

òî limn→∞ a2n = 1/(4z∗). Àíàëîãi÷íî limn→∞ a2n+1 = 1/(4z∗).
Òîäi, çãiäíî iç òåîðåìîþ 13 ïðàâèëüíèé ëàíöþãîâèé C�äðiá (29) çáiãà¹òüñÿ äî

ôóíêöi¨ w = z ln z i íà äîâiëüíîìó êîìïàêòi Z ⊂ R(0, z∗) âêàçàíèé ëàíöþãîâèé
äðiá çáiãà¹òüñÿ ðiâíîìiðíî.
6. Âèñíîâêè. Âèêîðèñòàííÿ îáåðíåíèõ ïîõiäíèõ Òiëå äëÿ ïîáóäîâè ðîçâèíå-
ííÿ ôóíêöi¨ êîìïëåêñíî¨ çìiííî¨ â ëàíöþãîâèé äðiá Òiëå òà åêâiâàëåíòíèé éî-
ìó ïðàâèëüíèé ëàíöþãîâèé C�äðiá äîöiëüíå îñêiëüêè íå ïåðåäáà÷à¹ ñïî÷àòêó
ðîçâèíåííÿ öi¹¨ ôóíêöi¨ â ÔÑÐ (20) òà îá÷èñëåííÿ êîåôiöi¹íòiâ ïðàâèëüíîãî
ëàíöþãîâîãî C�äðîáó ÷åðåç âiäíîøåííÿ ÷îòèðüîõ âèçíà÷íèêiâ Ãàíêåëÿ (22).
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Êîåôiöi¹íòè ïðàâèëüíîãî ëàíöþãîâîãî C�äðîáó çíàõîäÿòüñÿ áåçïîñåðåäíüî ÷å-
ðåç îáåðíåíi ïîõiäíi Òiëå (28). Òàêèì ÷èíîì ïîáóäîâàíèé ëàíöþãîâèé äðiá áóäå
âiäïîâiäíèì ÔÑÐ. Çàïðîïîíîâàíèé ïiäõiä äîçâîëèâ ðîçâèíóòè ôóíêöiþ z ln z â
ëàíöþãîâèé äðiá òà âñòàíîâèòè îáëàñòü çáiæíîñòi òàêîãî ëàíöþãîâîãî äðîáó.
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