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ÌÎÄÈÔIÊÀÖI� ÀËÃÎÐÈÒÌÓ ÏÎØÓÊÓ
ËÅÊÑÈÊÎÃÐÀÔI×ÍÎÃÎ ÌÀÊÑÈÌÓÌÓ ÌÍÎÆÈÍÈ

This article deals with the issues of improving the efficiency of the algorithms for lexicographical
maximum set searching determined by a system of linear inequalities with integrant coefficients
and Boolean variables. We propose new search algorithms for finding the lexicographic maximum
set as well as the analysis of their work compared to standard search algorithms.

Â ðîáîòi ðîçãëÿäàþòüñÿ ïèòàííÿ ïiäâèùåííÿ åôåêòèâíîñòi àëãîðèòìó ïîøóêó ëåêñèêîãðàôi-
÷íîãî ìàêñèìóìó ìíîæèíè, ÿêà âèçíà÷à¹òüñÿ ñèñòåìîþ ëiíiéíèõ íåðiâíîñòåé ç íåâiä'¹ìíèìè
êîåôiöi¹íòàìè òà áóëåâèìè çìiííèìè. Ïðîïîíóþòüñÿ íîâi àëãîðèòìè ïîøóêó ëåêñèêîãðàôi-
÷íîãî ìàêñèìóìó ìíîæèíè. Çäiéñíþ¹òüñÿ àíàëiç åôåêòèâíîñòi ¨õ ðîáîòè â ïîðiâíÿííi iç ñòàí-
äàðòíèì àëãîðèòìîì ïîøóêó.

1. Ïîñòàíîâêà çàäà÷i. Áàçîâîþ ñêëàäîâîþ ó ìåòîäàõ ëåêñèêîãðàôi÷íîãî ïî-
øóêó îïòèìàëüíîãî ðîçâ`ÿçêó çàäà÷i äèñêðåòíî¨ îïòèìiçàöi¨ ¹ ìåòîäè ïîøóêó
ëåêñèêîãðàôi÷íèõ åêñòðåìóìiâ ìíîæèí, ùî ¹ ìíîæèíîþ äîïóñòèìèõ çíà÷åíü
çàäà÷i àáî ¨¨ ïiäìíîæèíàìè [3]. Âiä åôåêòèâíîñòi ìåòîäiâ ïîøóêó ëåêñèêîãðà-
ôi÷íèõ åêñòðåìóìiâ ìíîæèíè â çíà÷íié ìiði çàëåæèòü çàãàëüíà åôåêòèâíiñòü
ïîøóêó îïòèìàëüíîãî ðîçâ`ÿçêó çàäà÷i äèñêðåòíî¨ îïòèìiçàöi¨.

Â äàíié ðîáîòi äîñëiäæó¹òüñÿ ïèòàííÿ ïiäâèùåííÿ åôåêòèâíîñòi ïîøóêó ëå-
êñèêîãðàôi÷íîãî ìàêñèìóìó ìíîæèíè, ùî âèçíà÷à¹òüñÿ ñèñòåìîþ ëiíiéíèõ íå-
ðiâíîñòåé ç íåâiä'¹ìíèìè êîåôiöi¹íòàìè òà áóëåâèìè çìiííèìè. Çàçíà÷èìî, ùî
òàêà ìíîæèíà ¹ ìíîæèíîþ äîïóñòèìèõ çíà÷åíü äëÿ áàãàòüîõ ïðèêëàäíèõ çàäà÷
áóëåâî¨ îïòèìiçàöi¨, çîêðåìà äëÿ çàäà÷i ïðî áàãàòîâèìiðíèé áóëåâèé ðàíåöü.

Ðîçãëÿíåìî çàäà÷ó: çíàéòè ëåêñèêîãðàôi÷íèé ìàêñèìóì ìíîæèíè XD,
xmax = maxLXD, äå

XD = {x ∈ Bn | Ax ≤ b, aij ≥ 0, bi > 0, i = 1, . . . ,m, j = 1, . . . , n} , (1)

Bn = {0, 1} × · · · × {0, 1}︸ ︷︷ ︸
n

.

2. Ñòàíäàðòíèé àëãîðèòì ïîøóêó ëåêñèêîãðàôi÷íîãî ìàêñèìóìó
ìíîæèíè XD. Ñòàíäàðòíèé àëãîðèòì ïîøóêó ëåêñèêîãðàôi÷íîãî ìàêñèìóìó
ìíîæèíè XD ïîëÿãà¹ â íàñòóïíîìó [2]:

Àëãîðèòì ABLexMax1.
1-èé êðîê. Ðîçâ`ÿçó¹ìî çàäà÷ó:

x11 = max
(
x1
∣∣ x ∈ XD, xj = 0, j = 2, . . . , n

)
(2)

Çíàõîäæåííÿ ðîçâ`ÿçêó çàäà÷i (2) çäiéñíþ¹ìî çà ïðàâèëîì: x11 =Min(1, ⌊δ1⌋),
äå δ1 = min

{
bi
ai1

∣∣∣ ai1 > 0, i = 1, . . . ,m
}
. x1j = 0, j = 2, . . . , n.

k-èé êðîê (1 < k ≤ n). Ðîçâ'ÿçó¹ìî çàäà÷ó:
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xkk = max
(
xk
∣∣ x ∈ XD, xj = xk−1

j , j = 1, . . . , k − 1, xj = 0, j = k + 1, . . . , n
)
(3)

Çíàõîäæåííÿ ðîçâ`ÿçêó çàäà÷i (3) çäiéñíþ¹ìî çà ïðàâèëîì: xkj = xk−1
j , j =

= 1, 2, . . . , k − 1, xkk = Min(1, ⌊δk⌋), äå δk = min
{

βk
i

aik

∣∣∣ aik > 0, i = 1, . . . ,m
}
,

βk
i = bi−

∑
j∈Jk aij, J

k =
{
j ∈ {1, . . . , k − 1}

∣∣ xk−1
j = 1

}
, i = 1, . . . ,m, xkj = 0, j =

= k + 1, . . . , n.
Âèêîíàâøè n êðîêiâ çà àëãîðèòìîì ABLexMax1 áóäå îòðèìàíèé ðîçâ`ÿçîê

xn. Çíà÷åííÿ êîîðäèíàò ðîçâ`ÿçêó xn îòðèìóþòüñÿ ïîñëiäîâíî, ïî÷èíàþ÷è ç
ïåðøî¨ êîîðäèíàòè, øëÿõîì ðîçâ`ÿçàííÿ ñêàëÿðíèõ çàäà÷ ìàêñèìiçàöi¨ (2) òà
(3). Òîìó, ÿêùî xmax� ëåêñèêîãðàôi÷íèé ìàêñèìóì ìíîæèíè XD, äëÿ äîâiëü-
íîãî p(1 ≤ p ≤ n) íå ìîæå âèêîíóâàòèñü xmax

j = xnj , j = 1, . . . , p− 1, xmax
p > xnp ,

ùî, çà îçíà÷åííÿì ëåêñèêîãðàôi÷íîãî âïîðÿäêóâàííÿ, îçíà÷à¹ xmax >L xn. Òà-
êèì ÷èíîì äîâåëè:

Òåîðåìà 1. Ðîçâ`ÿçîê xn, îòðèìàíèé â ðåçóëüòàòi çàñòîñóâàííÿ àëãîðè-
òìó ABLexMax1 ¹ ëåêñèêîãðàôi÷íèì ìàêñèìóìîì ìíîæèíè (2).

Ðåàëiçàöiÿ àëãîðèòìó ABLexMax1 ïåðåäñòàâëåíà íà ðèñ. 1. Â ïîäàëüøîìó
áóäóòü âèêîðèñòîâóâàòèñü íàñòóïíi ïîçíà÷åííÿ: from (0 ≤ from < n) � âèçíà-
÷à¹ íîìåð êðîêó k > 0 ç ÿêîãî ïî÷èíà¹òüñÿ ðîáîòà àëãîðèòìó ABLexMax1,
ïðè öüîìó k = from + 1. Ñëiä çàçíà÷èòè, ùî êîëè from = 0, òîäi áóäóòü
âèêîíàíi óñi êðîêè àëãîðèòìó ABLexMax1, òîáòî áóäå çíàéäåíî ëåêñèêîãðàôi-
÷íèé ìàêñèìóì ìíîæèíè (2). ßêùî æ from > 0, òîäi àëãîðèòì ABLexMax1
ìîæå áóòè âèêîðèñòàíèé äëÿ ïîøóêó ëåêñèêîãðàôi÷íîãî ìàêñèìóìó ìíîæèíè{
x ∈ XD

∣∣ x≤Lx
}
, äå x = (x1, . . . , xfrom−1, 0, 1, . . . , 1).

deltai =

{
bi, from = 0,
bi −

∑
j∈J aij, J = {j ∈ {1, 2, . . . , from} | xj = 1} , from > 0,

i = 1, . . . ,m.

for (int j = from + 1; j ≤ n; j ++){
double δj = 1.0;

for (int i = 1; i ≤ m; i++){ if (aij > 0){
δj = Min(dlt, deltai/aij);

}
}

xj = Min(1, ⌊δj⌋);
if (xj > 0){ for (int i = 1; i ≤ m; i++){

deltai − = aij ;
}

}
}

Ðèñ. 1. Ñòàíäàðòíèé ìåòîä ïîøóêó ëåêñèêîãðàôi÷íîãî ìàêñèìóìó ìíîæèíè

3. Ïåðøà ìîäèôiêàöiÿ àëãîðèòìó ABLexMax1 .
Âèçíà÷åííÿ íà êîæíîìó êðîöi k(k > 0) çíà÷åííÿ

δk = min
{

βk
i

aik

∣∣∣ aik > 0, i = 1, . . . ,m
}
åêâiâàëåíòíî âiäøóêàííþ íàéìåíøîãî äîïó-
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ñòèìîãî ðîçâ`ÿçêó ñèñòåìè íåðiâíîñòåé


βk
1 ≤ a1kxk,
. . .
βk
m ≤ amkxk.

Âðàõîâóþ÷è òîé ôàêò,

ùî çíà÷åííÿ çìiííî¨ xk � áóëåâå, âîíà ìîæå áóòè ðiâíîþ 1 ëèøå ïðè ñóìiñíîñòi
ñèñòåìè 

βk
1 ≤ a1k,
. . .
βk
m ≤ amk.

(4)

ßêùî õî÷à á äëÿ îäíîãî p(1 ≤ p ≤ m) îòðèìà¹ìî βk
p < apk, òîäi çìiííà xk

ìîæå ïðèéìàòè ëèøå íóëüîâå çíà÷åííÿ. Îòæå âèêîíàííÿ êðîêó k(k > 0) çà
àëãîðèòìîì ABLexMax1 åêâiâàëåíòíî âñòàíîâëåííþ ñóìiñíîñòi ñèñòåìè (4).

Òåîðåìà 2. Ðîçâ`ÿçàííÿ çàäà÷ ñêàëÿðíî¨ ìàêñèìiçàöi¨ (2) òà (3), äëÿ êî-
æíîãî 1 ≤ k ≤ n, åêâiâàëåíòíî âñòàíîâëåííþ ñóìiñíîñòi ñèñòåìè (4).

Ïðîöåäóðà âiäïîâiäíî¨ ìîäèôiêàöi¨ àëãîðèòìó ABLexMax1 çîáðàæåíà íà
ðèñ. 2. Ïðè öüîìó âèêîðèñòîâóþòüñÿ íàñòóïíi ïîçíà÷åííÿ:

oldJ � íîìåð êîîðäèíàòè çíà÷åííÿ ÿêî¨ ìàêñèìiçóâàëîñÿ íà ïîïåðåäíüîìó
êðîöi;

xOldJ � çíà÷åííÿ, ùî áóëî îòðèìàíî íà ïîïåðåäíüîìó êðîöi;

dlt =Min (1, ⌊δj⌋) , j = from+ 1, . . . , n.

int oldJ = from;
int xOldJ = 0;

for (int j = from + 1; j ≤ n; j ++){
int dlt = 1;

if (xOldJ == 1){
for (int i = 1; i ≤ m; i++){

deltai − = ai,oldJ ;
if (dlt > 0 ∧ aij > 0 ∧ deltai < aij) dlt = 0;

}
}

else{
for (int i = 1; i ≤ m; i++){

if (aij > 0 ∧ deltai < aij){
dlt = 0;
break;

}
}

}
xj = dlt;
oldJ = j;
xOldJ = dlt;

}
if (xOldJ == 1){ for (int i = 1; i ≤ m; i++){

deltai − = ai,oldJ ;
}

}

Ðèñ. 2. 1-é ìîäèôiêîâàíèé ìåòîä ïîøóêó ëåêñèêîãðàôi÷íîãî ìàêñèìóìó
ìíîæèíè
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